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Abstract. In the present paper we study abelian extensions of connected Lie groups G modeled on 
locally convex spaces by smooth G -modules A. We parametrize the extension classes by a suitable 
cohomology group H^(G,A) defined by locally smooth cochains and construct an exact sequence that 
describes the difference between H^{G,A) and the corresponding continuous Lie algebra cohomology 
space H^{g,a). The obstructions for the integrability of a Lie algebra extensions to a Lie group 
extension are described in terms of period and flux homomorphisms. We also characterize the 
extensions with global smooth sections resp. those given by global smooth cocycles. Finally we 
apply the general theory to extensions of several types of diffeomorphism groups. 



Introduction 

The main point of the present paper is a detailed analysis of abelian extensions of Lie 
groups G which might be infinite-dimensional, a main point being to derive criteria for abelian 
extensions of Lie algebras to integrate to extensions of corresponding connected groups. This is 
of particular interest for infinite-dimensional Lie algebras because not every infinite-dimensional 
Lie algebra can be 'integrated' to a global Lie group. 

The concept of a (not necessarily finite-dimensional) Lie group used here is that a Lie group 
G is a manifold modeled on a locally convex space endowed with a group structure for which 
the group operations are smooth (cf. [Mi83]; see also [GlOl] for non-complete model spaces). An 
abelian extension is an exact sequence of Lie groups A ^ G G which defines a locally trivial 
smooth principal bundle with the abelian structure group A over the Lie group G. Then A 
inherits the structure of a smooth G -module in the sense that the conjugation action of G on 
A factors through a smooth map G x A ^ A. The extension is called central if this action is 
trivial. 

The present paper is a sequel to [Ne02] which deals with the case of central extensions. 
Fortunately it was possible to use some of the constructions from [Ne02] quite directly in the 
present paper, but a substantial part of the machinery used for central extensions had to be 
generalized and adapted to deal with abelian extensions. In [Ne04] it is shown that the results 
on abelian extensions can in turn be used to classify general extensions. 

A typical class of examples that illustrate the difference between abelian and central 
extensions of Lie groups arises from abelian principal bundles. If g: P — > M is a smooth principal 
bundle with the abelian structure group Z over the compact connected manifold M , then the 
group Diff(P)'^ of all diffeomorphisms of P commuting with Z (the automorphism group of the 
bundle) is an extension of an open subgroup of Diff (M) by the gauge group Gau(P) = C°° (M, Z) 
of the bundle. Here the conjugation action of Diff (M) on Gau(P) is given by composing functions 
with diffeomorphisms. Central extensions corresponding to the bundle q: P M are obtained by 
choosing a principal connection 1-form 9 g i7^(P, 3). Let to G r2^(M, 3) denote the corresponding 
curvature form. Then the subgroup Diff(P)^ of those elements of Diff(P)^ preserving is a 
central extension of an open subgroup of Diff (M);^ , which is substantially smaller that Diff (A/) . 
This example shows that the passage from central extensions to abelian extensions is similar to 
the passage from symplectomorphism groups to diffeomorphism groups. 
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As the examples of prineipal bundles over eompaet manifolds show, abelian extensions of 
Lie groups occur naturally in geometric contexts and in particular in symplectic geometry, where 
the prequantization problem is to find for a symplectic manifold (M, w) a T-principal bundle 
with curvature uj , which leads to an abelian extension of Diff(M)o by the group C°°(M, T). 
Conversely, every abelian extension G — > G of a Lie group G by an abelian Lie group A is 
in particular an A-principal bundle over G, so that there is a close interplay between abelian 
extensions of infinite-dimensional groups and abelian principal bundles over (finite-dimensional) 
manifolds. 

In the representation theory of infinite-dimensional Lie groups abelian extensions occur 
naturally if a connected Lie group G acts on a smooth manifold M which is endowed with a Z- 
principal bundle q: P ^ M , each element of G lifts to an automorphism of the bundle, but there 
is no principal connection 1-form preserved by the lifts of the elements of G to diffeomorphisms of 
P . We refer to [Mi89] for a detailed discussion of the case where M is a restricted Grafimannian 
of a polarized Hilbert space and the groups are restricted operator groups of Schatten class p > 2 , 
resp., mapping groups G'^(Af, if), where K is finite-dimensional and M is a compact manifold 
of dimension > 2 (see also [PS86] for a discussion of related points). Since representations 
of abelian extensions of vector field Lie algebras occur naturally in mathematics physics (cf. 
[La99] and also [AI95] for more general applications of Lie group cohomology in physics), the 
question arises whether this picture has a global analog in terms of abelian extensions of the 
corresponding diffeomorphism groups. Some first results in this direction have been obtain by 
Y. Billig in [Bi03], where he introduces natural analogs of the Virasoro group which are abelian 
extensions of Diff (M) . 

Another motivation for a general study of abelian extensions comes from the fact that for 
the group G := Diff(M)o, where M is a compact orientable manifold, one has natural modules 
given by tensor densities and spaces of tensors on M . The corresponding abelian extensions can 
be used to interprete certain partial differential equations as geodesic equations on a Lie group, 
which leads to important information on the behavior of their solutions ([Vi02], [AK98]). An 
important special case discussed in some detail in Section X is the group of diffeomorphisms 
of the circle and its modules of A-densities for real A. For the identity component D(Af, /;,) 
of the group Diff(M, /x) of volume preserving diffeomorphisms (for a given volume form /x) 
one obtains a Lie algebra cocycle from each closed 2 -form w on M (Lichnerowicz cocycle) 
which is obtained by composing the integration map with interpreted as a 2 -cocycle for 
V(M) with values in the smooth module G°°(M, R). The existence of corresponding central 
extensions is addressed for special cases in Section XI, where we use relevant information on the 
associated abelian extensions of Diff(M)o obtained in Section IX. For more references dealing 
specifically with central extensions we refer to [Ne02]. See in particular [CVLL98] which is a 
nice survey of central T-extensions of Lie groups and their role in quantum physics. That paper 
also contains a description of the universal central extension for finite-dimensional groups. For 
infinite-dimensional groups universal central extensions are constructed in [Ne03b] and for root 
graded Lie algebras in [Ne03a] . 

As one would expect from general homological algebra, the natural context to deal with 
abelian extensions of Lie groups is provided by a suitable Lie group cohomology with values 
in smooth modules: If G is a Lie group, then we call an abelian Lie group A a smooth G- 
module if it is a G-module and the action map G x A ^ A is smooth. In Appendix B we 
describe a natural adaptation of the group cohomology complex to the Lie group setting. Here 
the space of n-cochains C"(G,A) consists of maps G" A which are smooth in an identity 
neighborhood and vanish on all tuples of the form (51, 1, ...,(;„) . We thus obtain a cochain 
complex {Cg{G,A),dG) with the cohomology groups H"{G,A). If G and A are discrete, these 
groups coincide with the standard cohomology groups of G with values in A . We refer to [Mo64] 
and [Mo76] for an appropriate definition of topological group cohomology which fits well for 
locally compact groups. Since the cohomology groups H"{G,A) can be considered as rather 
complicated objects, it is desirable to relate them to the corresponding Lie algebra cohomology 
groups H"{Q,a). Passing to the derived representation, the Lie algebra a of ^ is a module of 
the Lie algebra of which is topological in the sense that the module structure is a continuous 
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bilinear map g x a ^ a. Then the continuous ahernating maps ^ a form the (continuous) 
Lie algebra cochain complex (C"(fl, a),dg) , and its cohomology spaces are denoted H^{q, a) . 
In Appendix B we show that for n > 2 there is a natural derivation map 

from locally smooth Lie group cohomology to continuous Lie algebra cohomology. This map is 
based on the isomorphism 

F,"(0,a)-FdVcq(G',a) 

between Lie algebra cohomology and the do Rham cohomology of the complex of equivariant 
o-valucd differential forms on G (cf. [CE48] for finitc-dimcnsional groups). For n = 1 we only 
have a map Di: Zl{G,A) — > Zl{g,a), and ii A = a/F^ holds for a discrete subgroup Ta of o, 
then this map factors to a map on the level of cohomology. Since the Lie algebra cohomology 
spaces H^{q, a) are much better accessible by algebraic means than those of G, it is important 
to understand the amount of information lost by the map £)„ . More concretely, one is interested 
in kernel and cokernel of Z)„ . A determination of the cokernel can be considered as describing 
integrability conditions on cohomology classes [u] G a) which have to be satisfied to ensure 

the existence of / e Z'^{G, A) with = w. 

In the present paper we completely solve this problem for the important case n = 2 , a 
connected Lie group G and connected smooth modules A of the form a/F^, where F^ is a 
discrete subgroup of a. We also describe the solution for n = 1 which is much simpler, but 
already reflects the spirit of the problem. We plan to return in a subsequent paper to this 
problem for non-connected groups G, which, in view of the present results, means to obtain 
accessible criteria for the extendibility of a 2-cocycle on the identity component Gq of G to the 
whole group G . 

The special importance of the group H^{G,A) stems from the fact that for connected 
groups G it classifies all Lie group extensions q:G^Go{GhyA = kerq, where the action 
of G on A induced by the conjugation action of G on the abelian normal subgroup A coincides 
with the original G -module structure. This was our original motivation to study the cohomology 
groups H^{G,A). If G is not connected, then we have to consider an appropriate subgroup 
Hgg{G,A) C Hg(G,A) which then classifies the extensions of G by A. 

The second cohomology groups do not only classify abelian extensions of G , they also play 
an equally important role in the classification of general extensions: Let A'' be a Lie group and 
Z{N) its center. Suppose further that Z{N) is a smooth G-modulc such that every smooth map 
M ^ N with values in Z{N) defines a smooth map M Z{N) . Then the group H^{G, Z{N)) 
parameterizes the equivalence classes of extensions of G by A/' corresponding to a given smooth 
outer action of G on A (see [Nc04] for the details and the definition of a smooth outer action). 
If A = Z{N) is abelian, then a smooth outer action of G on A is the same as a smooth module 
structure. 

Taking the derivation maps D„ into account, we obtain for connected groups G and 
A = a/TA the following commutative diagram with an exact second row (see Proposition D.8 
and the subsequent discussion) and exact columns (Proposition III. 4 and Theorem VII. 2): 



Hl{G,A) iri(G,A)-^Hom(7ri(G),AG)-^ 



Pi 



id 



id 



Hl{Q,a) -^Hom(7ri(G),AG) 



Hom(7ri(G),AG) 



F2(G,A) 

1 152 



id 



J?f(G,A) 

P2 



Hom(7ri(G),AG) 



Hom(7r2(G),A^)© 
Hom(7ri(G),ffi(B,a)) 



Hom(7r2(G),AG) 



Here / denotes natural inflation maps, 6 assigns to 7:7ri(G) AP the quotient of the 
semi-direct product ^4 x G modulo the graph of 7 and. For a Lie algebra cocycle a. G Z^(Q,a) the 
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homomorphism Pi{[a]): tti{G) A'^ is obtained by integrating the corresponding cquivariant 
1-form a'^'i G ^l^{G,a) over loops and then interpreting the result an element of the quotient 
group A = o/r^. For a 2-cocycle to e Z^{g,a) and the corresponding equivariant 2-form 
uj'^'i G ri^(G, a) on G, the first component of P2([t^]) is the period homomorphism n2{G) 
A^ obtained by integrating uj'^'^ over smooth maps — > G and then interpreting the result 
modulo Ta as an element of A. The second component of P2([w]) is the flux homomorphism 
F^-.-KilG) o) which can be viewed, in a certain sense, as Pi{[fu]) for the Lie algebra 

flux cocycle 

(in Section VI we give a direct definition which does not require to topologize the space (g, a) 
and its quotient space module BKq.o) = dga). 

If G is simply connected, things become much simpler and the criterion for the integrability 
of a Lie algebra cocycle w to a group cocycle is that all periods of u'^'^ are contained in C o . 
Similar conditions arise in the theory of abelian principal bundles on smoothly paracompact 
presymplectic manifolds (M, f2) (f2 is a closed 2-form on M). Here the integrality of the 
cohomology class [O] is equivalent to the existence of a so-called pre-quantum bundle, i.e., a 
T-principal bundle T ^ M M whose curvature 2-form is fl (cf. [Bry90]). 

For finite-dimensional Lie groups the integrability criteria also simplify significantly because 
7r2(G) vanishes ([Ca52]). This in turn has been used by E. Cartan to construct central extensions 
and thus to prove Lie's Third Theorem that each finite-dimensional Lie algebra belongs to a global 
Lie group. We generalize Cartan's construction in Section VIII to characterize abelian extensions 
with global smooth sections. 

We emphasize that our results hold for Lie groups which are not necessarily smoothly para- 
compact, so that one cannot use smooth partitions of unity to construct bundles for prescribed 
curvature forms and de Rham's Theorem is not available (cf. [KM97, Th. 16.10]). This point 
is important because many interesting Banach Lie groups are not smoothly paracompact which 
comes from the fact that their model spaces do not permit smooth bump functions (cf. [KM97]). 

The contents of the present paper is as follows. In Section I we briefiy discuss the re- 
lation between abelian extensions of topological Lie algebras and the continuous cohomology 
space H^{Q,a) (see [CE48] for the case of abstract Lie algebras). The parameterization of the 
class of all Lie group extensions of a connected Lie group G by ^ via the cohomology group 
H"^ (G, A) is obtained in Section II. In Section III we briefly discuss the relation between locally 
smooth 1-cocycles on Lie groups and the corresponding continuous Lie algebra cocyclcs. This 
is instructive for the understanding of the flux cocycle occurring below as an obstruction to the 
existence of global group extensions. In Section IV we briefly discuss the period homomorphism 
perj^:7r2(G) o*^ associated to a Lie algebra cocycle iv G Z'^{Q,a). To integrate Lie algebra 
cocycles on simply connected groups in Section V we use a slight adaptation of the method used 
in [Ne02] for central extensions. In Section VI we eventually turn to the refinements needed for 
non-simply connected groups which leads to the flux cocycle. This part is considerably more 
complicated than for central extensions where the fltix cocycle simplifles to a homomorphism 
with values in a space of homomorphisms of Lie algebras and not only in a cohomology space. 
In Section VII all pieces are put together to obtain the exactness of rows and columns in the big 
diagram above. Abelian extensions with smooth global sections are characterized in Section VIII. 

The remaining Sections IX-XI contain examples and some discussion of special cases. In 
Section IX we turn to the special situation of diffeomorphism groups on compact manifolds and 
the special class of 2-cocycles on the Lie algebra V(M) given by closed 2-forms on M . In this 
case we explain how interesting information on period map and flux cocycle can be calculated in 
geometrical terms. In Section X we consider the situation where G is the diffeomorphism group 
of the circle and a is the module of A -densities for some A S M. The corresponding cocycles for 
Diff(§^) have been discussed by Ovsienko and Roger in [OR98]. In particular we describe how 
their results can be extended to Lie algebra cocycles not integrable on Diff(S^)o which integrate 
to group cocycles of the universal covering group Diff(§^) . As a byproduct of this construction, 
we obtain a non- trivial abelian extension of the group SL2 (M) by an infinite-dimensional Frechet 
space. Section XI contains some information on the integration of Lichnerowicz cocycles to 
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central group extensions. In particular we show that for a compact connected Lie group G each 
Lichnerowicz cocycle on D{G, fi) can be integrated to a corresponding group cocycle on the 
covering group D{G, fi) acting as a group of diffeomorphisms on the universal covering group G . 

We conclude this paper with several appendices dealing with the relation between differen- 
tial forms and Alexander-Spanier cohomology (Appendix A), cohomology of Lie groups and Lie 
algebras (Appendix B), constructing global Lie groups from local data (Appendix C), the exact 
Inflation- Restriction Sequence for Lie group cohomology (Appendix D), the long exact sequence 
in Lie group cohomology induced from a topologically split exact sequence of smooth modules 
(Appendix E), and multiplication of Lie group and Lie algebra cocycles (Appendix F). 

We are grateful to S. Haller for providing a crucial argument concerning the flux homo- 
morphism for the group of volume preserving diffeomorphisms (cf. Section XI). We also thank 
C. Vizman for many inspiring discussions on the subject, G. Segal for suggesting a different type 
of obstructions to the ingrability of abelian extensions in [Se02], and to A. Dzhumadildaev for 
asking for global central extensions of groups of volume preserving diffeomorphisms which cor- 
respond to the cocycles he studied on the Lie algebra level ([Dz92]). This led us to the results in 
Section XI. 



0. Preliminaries and notation 

In this paper K £ {R, C} denotes the field of real or complex numbers. Let X and Y be 
topological K-vector spaces, U C X open and f:U^Y a map. Then the derivative of f at x 
in the direction of h is defined as 

df{x)ih) := lim J if (x + th)- fix)) 

whenever the limit exists. The function / is called differentiahle at x if df{x){h) exists for all 
h € X . It is called continuously differentiahle or if it is continuous and differentiahle at all 
points of U and 

df:U xX ^Y, [x, h) ^ df{x){h) 

is a continuous map. It is called a C"-map if / is and df is a C"^^-map, and {sm,ooth) 
if it is C" for all n 6 N. This is the notion of differentiability used in [Mil83], and [GlOl], where 
the latter reference deals with the modifications necessary for incomplete spaces. 

Since we have a chain rule for C-'^-maps between locally convex spaces ([GlOl]), we can 
define smooth manifolds M as in the finite-dimensional case. A Lie group G is a smooth manifold 
modeled on a locally convex space g for which the group multiplication and the inversion are 
smooth maps. We write 1 G G for the identity element, Ag(.T) = gx for left multiplication, 
Pg{x) = xg for right multiplication, and Cg{x) :— gxg^^ for conjugation. Then each x G 2\(G) 
corresponds to a unique left invariant vector field xi with Xi{g) := dXg{l).x,g G G. The space 
of left invariant vector fields is closed under the Lie bracket of vector fields, hence inherits a 
Lie algebra structure. In this sense we obtain on q := Ti{G) a continuous Lie bracket which is 
uniquely determined by [x,y]i = [xi,yi]. We call a Lie algebra g which is a topological vector 
space such that the Lie bracket is continuous a topological Lie algebra q . In this sense the Lie 
algebra g = L(G) of a Lie group G is a locally convex topological Lie algebra. If G is a connected 
Lie group, then we write qa-G ^ G for its universal covering Lie group and identify 7ri(G) with 
the kernel of qc ■ 

Throughout this paper we write abelian groups A additively with as identity element. 
If G is a Lie group, then a smooth G -module is an abelian Lie group A, endowed with a smooth 
G-action p^: G x A ^ A by group automorphisms. We sometimes write (A, pj\) to include the 
notation pA for the action map. If a is the Lie algebra of A , then the smooth action induces a 
smooth action on a, so that a also is a smooth G-module, hence also a module of the Lie algebra 
g of G . In the following we shall mostly assume that the identity component of A is of the 
form Aq = a/TA, where C a is a discrete subgroup. Then the quotient map qA- a —>■ Aq is 
the universal covering map of Aq and m (A) = Ta ■ 
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A linear subspacc W of a topological vector space V is called (topologically) split if it is 
closed and there is a continuous linear map a:V/W ^ V for which the map 

W X V/W V, {w, x)i-->w + a{x) 

is an isomorphism of topological vector spaces. Note that the closedness of W guarantees that 
the quotient topology turns V/W into a Hausdorff space which is a topological vector space 
with respect to the induced vector space structure. A continuous linear map f:V^W between 
topological vector spaces is said to be (topologically) split if the subspaces ker(/) C V and 
im(/) C W are topologically split. 



I. Abelian extensions of topological Lie algebras 

For the definition of the cohomology of a topological Lie algebra g with values in a 
topological £1 -module o we refer to Appendix B. 

Definition I.l. Let g and n be topological Lie algebras. A topologically split short exact 
sequence 

n^g^g 

is called a (topologically split) extension of g by n. We identify n with its image in "g, and write 
as a direct sum = n © g of topological vector spaces. Then n is a topologically split ideal 
and the quotient map q:g^g corresponds to (n, x) x. If n is abelian, then the extension is 
called abelian. 

Two extensions n ^ gi g and n 02 — » fl are called equivalent if there exists a 
morphism (p: gi — > g2 of topological Lie algebras such that the diagram 



n ^ gi ^ g 



id„ 



id„ 



n 02 ^ 

commutes. It is easy to see that this implies that (p is an isomorphism of topological Lie algebras, 
hence defines an equivalence relation. We write Ext(0,n) for the set of equivalence classes of 
extensions of g by n. 

We call an extension g:0 — » with kerq = n trivial, or say that the extension splits, if 
there exists a continuous Lie algebra homomorphism ct: g — > with qoa = idg. In this case the 
map 

nxs0-*-0, {n,x) l-^ n + (j{x) 
is an isomorphism, where the semi-direct sum is defined by the homomorphism 

5: — »■ der(n), S{x){n) := [a{x),n\. m 

Definition 1.2. Let a be a topological 0-module. To each continuous 2-cocycle u) € Z^{g, a) 
we associate a topological Lie algebra o as the topological product vector space 0X0 
endowed with the Lie bracket 

[(a, x), {a , x)] := {x.a' — x' .a + x'), [x, x']). 

The quotient map q: a ®u] 0, (a, x) ^ x \s a, continuous homomorphism of Lie algebras with 
kernel a, hence defines an a-extension of 0. The map a:g^ a.®u g,x^ (0, a;) is a continuous 
linear section of g. ■ 
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Proposition 1.3. Let {a, Pa) be a topological g-module and write Fixtp^{g, a) for the set of 
all equivalence classes of a-extensions Q of g for which the adjoint action of Q on a induces the 
given g-module structure on a. Then the map 

■^c(fl>tt) ^ Extp„(£|,a), uJ^[a®u,Q] 

factors through a bijection 

Hi (fl, a) ^ Extp„ (b, a) , [w] ^ [a ®u, fl] • 

Proof. Suppose that q:'g ^ g is an a-oxtcnsion of g for which the induced fl-module structure 
on coincides with pa ■ Let ct: — > g be a continuous linear section, so that qo a = idg. Then 

uj{x,y) := [a{x),a{y)] -a{[x,y]) 

has values in the subspace o — keiq of g and the map a x g ^ g, (a,x) i-^ a + a(x) defines an 
isomorphism of topological Lie algebras o (Bu fl ^ • 

It is easy to verify that a (Bm g ^ a (Brj if and only if oj ~ rj £ B^{g,a) . Therefore the 
quotient space Hl{g, a) classifies the equivalence classes of a-extensions of g by the assignment 
[oj] [a 00, £l] • ■ 



II. Abelian extensions of Lie groups 

Let A be a smooth G-module. In this section we explain how to assign to a cocycle 

/ G Z'^(G,A) (satisfying some additional smoothness condition if G is not connected) a Lie 
group A X f G which is an extension of A by G for which the induced action of G on >1 
coincides with the original one. We shall see that this assignment leads to a bijection between 
a certain subgroup H^^ (G, A) of H'^ (G, A) with the set of equivalence classes of extensions of 
G by the smooth G-module A. If G is connected, then H^^{G,A) = Hg{G,A). We also show 
that the assingment f Ax f G is compatible with the derivation map D: Z^{G, A) Zl{g, o) 
in the sense that o ®d/ is the Lie algebra oi Axf G (cf. Appendix B for definitions). 

Lemma II. 1. Let G be a group, A a G-module and f:GxG^A a normalized 2-cocycle, 
i.e., 

fig, 1) = f{l,g) = 0, fig, g') + f{gg', gg') = g.f{g', g") + f{g, g'g"), g, g' , g" e G. 
Then we obtain a group A Xf G by endowing the product set A x G with the multiplication 

(2.1) {a,g){a',g') := {a + g.a' + f{g,g'),gg'). 
The unit element of this group is (0,1) , inversion is given by 

(2.2) {a,g)-' = {-g-'.{a 4- f{g,g-')),g-'), 
and conjugation by the formula 

(2.3) {a,g){a,g'){a,gy^ = {a + g.a - gg' g~^ .a + f{g, g') - f{gg' g~'^ , g), gg' g~^) . 

The map q:AxjG^G, {a,g) ^ g is a surjective homomorphism whose kernel A x {1} is 
isomorphic to A . The conjugation action of A x f G on the normal subgroup A factors through 
the original action of G on A. 
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Proof. The condition /(I. g) = /(g, 1) = implies that (0,1) is an identity element in 
A Xf G, and the associativity of the multiplication is equivalent to the cocycle condition. The 
formula for the inversion is easily verified. Conjugation in ^ x j G is given by 

(a, g){a', g'){a, g)~' = (a + g.a' + fig, g'), gg') ( - g-\{a + f{g, g-')),g-') 

= {a + g.a' + fig, g') - gg'g-'-ia + fig, g-')) + figg', g-'),gg'g-'). 

To simplify this expression, we use 

fig, g-') = fig, g'') + /(i, g) = fig, i) + g-fig-\g) = g-fig-\g) 

and 

figg', g-') + figg'g-\g) = figg', i) + gg'-fig-\g) = gg'-fig-\g) 

to obtain 

ia,g)ia',g')ia,g)-^ = ia + g.a' + fig,g') - gg'g-\a - gg' g-\f{g,g-^) + figg',g-'),gg'g-') 
= (a + g.a' + fig,g') - gg' g-\a - gg'.fig-\g) + figg', g-'),gg'g-') 
= ia + g.a' + fig, g') - gg'g'^.a - figg'g~^,g),gg'g~^). 

In particular we obtain 

(0,g)(a,l)(0,5)-i - ig.a,l). 

This means that the action of G on A given by qig).a := gag~^ for g £ A x f G coincides with 
the given action of G on A . ■ 

Definition II. 2. An extension of Lie groups is a surjective morphism q:G^G of Lie groups 
with a smooth local section for which N := kerg' has a natural Lie group structure such that the 

map N X G ^ G , in, g) 1-^ ng is smooth. Then the existence of a smooth local section implies 
that G is a smooth A^-principal bundle, so that is a split Lie subgroup of G in the sense of 
Definition C.4. 

We call two extensions A ^ Gi ^ G and ^ G2 — » G of the Lie group G by the Lie 
group A equivalent if there exists a Lie group morphism tp:Gi G2 such that the following 
diagram commutes: 

A Gi ^ G 

idw V> idc 

TV ^ G2 ^ G. 

It is easy to see that any such (p is an isomorphism of group and that its inverse is smooth. 
Thus (f is an isomorphism of Lie groups, and we obtain indeed an equivalence relation. We write 
Ext(G, A) for the set of equivalence classes of Lie groups extensions of G by A. ■ 

Lemma II. 3. If A^ Gi-^G and A G2-^G are equivalent abelian extensions of G by 
the Lie group A , then the induced actions of G on A coincide. 

Proof. There exists a morphism of Lie groups (p: Gi G2 with ip\A = id^i and 92 o = gi . 
For g € G and a £ A the extension Gi defines an action of G on A by g *ia := giag^^ , where 
91(51) = g- We likewise obtain from the extension G2 an action of G on A by 5 *2 a := 32^52^^ 
for 92(52) = g- We then have 

g*ia = ffiagf ^ = ipigiag^'^) = ipigi)a(pigi)~'^ = q2i^igi)) *2 a = 91(51) *2 a = 5 *2 a- ■ 

Definition II. 4. If (A, p^) is a smooth G-module, then an extension of G by A is always 
understood to be an abelian Lie group extension q:G^G with kernel A for which the natural 
action of G on A induced by the conjugation action (Lemma C.5) coincides with pA ■ In view 
of Lemma II. 3, it makes sense to write Extp^iG,A) C Ext(G,yl) for the subset of equivalence 
classes of those extensions of G by A for which the induced action of G on A coincides with pA .■ 
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Definition II. 5. Let G be a Lie group and A a smooth G-module. For / G Z^{G,A) (cf. 
Definition B.2) and g G G we consider tlie function 

f,:G^ A, f,{g') := f{g,9') - f{gg'g-\g) 

and write 

Zl{G,A) := {/ e Zl{G,A): (Vg e G)fg G Cl{G,A)} 

for those locally smooth normalized 2-cocycles f on G for which all functions fg are smooth in 
an identity neighborhood of G . 

If e e Cl{G,A) and f{g,g') = {dGi){g,g') = i{9)+9A9') ' ^(99'), then 

W) = iig) + gAg') - ^igg') - {^{gg'g-') + {gg'g-')A9) - W) 
= iig) + gAg') - iigg'g-') - {gg'g-')Ag) 

is smooth in an identity neighborhood of G for each g € G. Therefore B^{G,A) C Zgg{G,A) 
and 

Hl{G,A) :=Zl{G,A)/B^,{G,A) 
is a subgroup of H^{G, A) . m 

Proposition II. 6. Let G be a Lie group and {A, pa) a smooth G-module. Then for each 
f £ Z^s(G,A) the group A Xf G carries the structure of a Lie group such that the map 
q: Ax f G ^ G , {a, g) 1-^ g is a Lie group extension of G by the smooth G -module A . Conversely, 
every Lie group extension of G by the smooth G-module A is equivalent to one of this form. 
The assignment 

ZliG, A) ^ Ext,, (G, A), f^[Axf G] 

factors through a bijection 

Hl{G,A)~.E^tpJG,A). 
If G is connected, then Z'^^{G,A) ~ Z^{G,A) and we obtain a bijection 

H^,{G,A)^E^t,,{G,A). 

Proof. (1) Let / e Zg^{G,A) and form the group G := Axf G (Lemma ILl). First we 
construct the Lie group structure on G. Let Uq Q G he an open symmetric 1 -neighborhood 
such that / is smooth on Ug x Uq, and consider the subset 

U:=AxUg = q~^{UG) CG = AxfG. 

Then U = . We endow U with the product manifold structure from A x Ug- Since 

the multiplication uiq \ Ugx-Ug'-^g x Uq G is continuous, there exists an open identity 
neighborhood Vq C {/g with VgVg C Ug- Then the set V := A x Vg is an open subset 
of U such that the multiplication map 

V xV -iU, {{a, x), (a', x')) ^ (a + x.a' + f{x, x'),xx') 

is smooth. The inversion 

U^U, {a,x) H^. {-x-K{a-\-f{x,x-'^)),x-'^) 

(Lemma ILl) is also smooth. 

For (a, g) G G let Vg C Ug be an open identity neighborhood such that the conjugation 
map Cg{x) = gx9~^ satisfies Cg(V^) C Ug- Then C(^a,g){Q~^ {^g)) ^ U and the conjugation map 

C(a,gy-Q~^{yg) ^ U, {a' , g') H^. {a + g.a' -gg'g-'^.a + fg{g'),9g'g-'^) 
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(Lemma ILl) is smooth in an identity neighborhood because / G Z'^^{G,A). 

Now Theorem C.2 imphes that G carries a unique Lie group structure for which the 
inclusion map U = A x Ug ^ G is a local diffeomorphism onto an identity neighborhood. 
It is clear that with respect to this Lie group structure on G , the map q:G^G defines a 
smooth A-principal bundle because the map Vq G,g >-i- (0, g) defines a section of q which is 
smooth on an identity neighborhood in G which might be smaller than Vq ■ 

(2) Assume, conversely, that q:G ^ G is an extension of G by the smooth G-module A. Then 
there exists an open 1 -neighborhood Uq Q G and a smooth section ct-.Ug —> G of the map 
q:G^G. We extend a to a global section G ^ G . Then 

f{x,y) := a{x)a{y)(j{xy)~'^ 

defines a 2-cocycle G x G ^ A which is smooth in a neighborhood of (1, 1) , and the map 

AxfG^G, (a,g)^a<j{g) 

is an isomorphism of groups. The functions fg'.G^A are given by 

W) = g') - f{99'9-\9) = 'y{9M9'M99T' " ^^(99' 9-X9M99T' 

= o{g)a{g')a{gg')-''T{99')o{g)-'a{gg'g-')-' = o{g)a{g')a{g)-'a{gg' g-')-\ 

hence smooth near 1 . This shows that / £ Z'^g{G, A) . In view of (1), the group A x j G carries 
a Lie group structure for which there exists an identity neighborhood Vq C G for which the 
product map 

AxVg ^ Axf G, {a,v) 1-^ (a, 1)(0, v) = (a, v) 

is smooth. This implies that the group isomorphism A x f G —> G is a local diffeomorphism, 
hence an isomorphism of Lie groups. 

(3) Steps (1) provides a map 

Zl (G, A) ^ Extp, (G, A) , f^[AxfG], 

and (2) shows that it is surjective. Assume that two extensions of the form A x f. G for 
/i) /2 G Zgg{G, A) are equivalent as Lie group extensions. An isomorphism Axf^G^Axf^G 
inducing an equivalence of abelian extensions must be of the form 

(2.4) {a,g)^{a + h{g),g), 

where h e G](G, A). The condition that (2.4) is a group homomorphism implies that 
{h{gg') + h{g,g'),gg') = {h{g),g){h{g'),g') = {h{g) + g.h{g') + h{g,g'),gg'), 
which means that 

(2.5) (/i - f2){g.9') = g.h{9') - K99') + m = {dGh){g, g'), 

so that /i -/2 G S2(G,A). 

If, conversely, h e Cl{G.A) and = /2 = dah, then it is easily verified that (2.4) 
defines a group isomorphism for which there exists an open identity neighborhood mapped 
diffeomorphically onto its image. Hence (2.5) is an isomorphism of Lie groups. We conclude 
that the map Z'^^^G, A) Extp^(G, ^4) factors through a bijection i?fs(G, A) Extp^ (G, A) . 

(4) Assume now that G is connected and that / e Z'^{G,A). In the context of (1), the 
conjugation map C(^a,g)'-Q^^{yg) U is smooth in an identity neighborhood if and only if the 
function fg is smooth in an identity neighborhood. As f € Z^ (G, A) , the set W of all 5 G G 
for which this condition is satisfied is an identity neighborhood. On the other hand, the set W 
is closed under multiplication. In view of the connectedness of G, we have G = IJrigN ~ 
This means that / G Z'^^{G, A) , and therefore that (G, A) = Z'^^{G, A) . m 
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Problem II. Do the two spaces Z'^(G,A) and Z'^g{G,A) also coincide if G is not connected? 
We do not know any cocycle / G Z'^{G, A) \ Z^^{G, A) . m 

The following lemma shows that the derivation map 

D:Z^{G,A) ^ Z^,{g,a), {Df){x,y) = f{l,l){x,y) - dy{l,l){y,x) 

from Theorem B.6 and Lemma B.7 is compatible with the construction in Proposition II. 6. In 
the following proof we use the notation d^f introduced in Appendix A. 

Lemma II. 7. Let A = a/F^, where Fa a is a discrete subgroup, f € Zgg{G,A) and 
G = A X f G the corresponding extension of G by A. Then the Lie algebra cocycle Df satisfies 
= 0©D/a. 

Proof. Let [/(, C a be an open -neighborhood such that the restriction fA'Ua — > Uo + Ta Q 

A of the quotient map qa'- a ^ A is a diffeomorphism onto an open identity neighborhood in A 
and <fG-Us G a local chart of G, where Ug C q is an open -neighborhood, ¥'g(0) = 1 and 
dipciO) = idg . After shrinking Ug further, we obtain a chart of A x / G by the map 

(p:UaXUg^ AxfG, (a, x) {fAia), ipcix)). 

Moreover, we may assume that f/g is so small that f{ipG{Ug) x (pciUg)) C ipA{Ua)), which 
implies that there exists a smooth function fa'UgXUg^ Ua with LpA o fa = / ° {fG x fG)- 

Writing x * x' := ipQ^{(pG{x)(pG{x')) for x,x' G Ug with (pg{x)(pg{x') G (pG{Ug), the 
multiplication 

(a, g){a', g') = {a + g.a' + f{g, g'), gg') 
in AxfG can be expressed in local coordinates for sufficiently small o, a' G o, x, x' G g by 

ip{a,x)ip{a' ,x') = (ipAia) + (pG{x).(pA{a') + fifcix), ipG{x' j), (fG{x)(pG{x')) 
= {fA{a + (pG{x).a' + fa(x, x')), lpg(.x * x')) 
= (p{a + (pG{x).a' + fa{x, x'), X * a;')- 

Here the identity element has the coordinates (0,0) G x 
For the multiplication in G we have 

X* x' = X + x' + b{x, x') -\ 

where • • • stands for the terms of order at least three in the Taylor expansion of the product map 
and the quadratic term is bilinear. The Lie bracket in g is given by 

[x, x'] = b{x, x') — b{x', x) 

([Mil83, p.1036]). Therefore the Lie bracket in the Lie algebra L{A Xf G) of A x / G can be 
obtained from 

(a + (pG{x).a' + fa{x, x'),x* x') 

= (a + a' + x.a' + rf^/a(0, 0){x,x')-\ ,x + x' + b{x, x') -\ ) 

= (a + a' + x.a' + d^f{l, \){x,x')^ ,x + x' + b{x, x') -\ ), 

as 

[{a, x), {a', x')] = {x.a' — x'.a + Df{x, x'), [x, x'\). ■ 
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III. Locally smooth 1-cocycles 

Let G be a Lie group and A a smooth G -module. In this section we take a closer look at 
the space Zl{G,A) of locally smooth A-valued 1-cocycles on G. We know from Appendix B 
that there is a natural map 

D,:ZliG,A)^Zl{3,a), D,{f){x) := #(l)(x). 

li A = o/Ta holds for a discrete subgroup Ta of o and qa- A is the quotient map, then we 
have for a £ a the relation 

Di{dG{qA{a))) = dg{a) 
and hence Di{Bl{G,A)) = i?^(g,a). Hence Di induces a map 

D,:Hl{G,A)^Hl{g,a), 

and it is of fundamental interest to have a good description of kernel and cokernel of Di on the 
level of cocycles and cohomology classes. 

We shall sec that the integration problem for Lie algebra 1-cocycles has a rather simple 
solution, the only obstruction coming from tti (G) . 

Lemma III.l. Each f G Zl{G,A) is a smooth function and its differential df 6 il^{G,a) is 
an equivariant 1-form. 

Proof. Let g gG. The cocycle condition 

(3.1) figh) = g.f{h) + fig) 

shows that the smoothness of / in an identity neighborhood implies the smoothness in a 
neighborhood of g . 

Formula (3.1) means that / o Ag = pA{g) ° f + f{g), so that df satisfies X*df = pA^g) ° df, 
i.e., df is equivariant. ■ 

Lemma III. 2. Let G he a Lie group with identity component Go and A a smooth G -module. 
Then for a smooth function f:G ^ A with /(I) = the following are equivalent: 

(1) df is an equivariant a-valued 1-form on G. 

(2) f{gn) ^ f{g) + g.f{n) for g eG and n e Gq . 

If. in addition. G is connected, then df is equivariant if and only if f is a cocycle. 

Proof. We write g.a = pa{g).a for the action of G on a and g.a = pA{g).a for the action of 
G on A. 

(1) => (2): Let g & G. In view of d{pA{g) ° /) = Pa{g) ° df, we have 

d{f o Xg - pA{g) o / - f{g)) = X;df - paig) o df. 

Hence (1) means that all the functions f o Xg — Pa(S') ° / ^ f{g) arc locally constant. Since the 
value of this function in 1 is 0, all these functions are constant on Go , which is (2). 

(2) => (1): If (2) is satisfied, then df{g)dXg{l) = Pa{g) ° df{l) holds for each g & G, and this 
means that df is equivariant. ■ 
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Deflnition III. 3. Suppose that a is sequentially complete. If a G Z^{Q,a) and q:°'^ is the 
corresponding closed equivariant 1-form on G (cf. Definition B.4), then we obtain a morphism 
of abelian groups, called the period map of a : 

per„: 7ri(G) ^ a, [7] ^ j^^""" = ^7it)i^'it)) dt = ^{t).a{^{t)-\j'{t)) dt, 
where 7: [0, 1] — > G is a piecewise smooth loop based in 1 . The map 

C°°{S\G)^a, 7^ fa"" 
is locally constant, so that the connectedness of G implies in particular that for g' G G we have 

which leads to 

im(per„) C o*^. 

If C a*^ is a discrete subgroup, then A := o/Fa is a smooth G-module with respect 
to the induced action. Let Qa-CL — > A denote the quotient map. We then obtain a group 
homomorphism 

P: ZHq, 0) ^ Hom(7ri(G), A^), P{a) := o per„ . 

The importance of the period map stems from the fact that the 1 -form is the differential of 
a smooth function f:G ^ A if and only if P{a) = ([Ne02, Prop. 3.9]). ■ 

Proposition III. 4. // G is a connected Lie group and Aq = Ci/Fa, where Ta C o*^ is a 

discrete subgroup and a is sequentially complete, then the sequence 

(3.2) 0^ Zi(G,A)^Zi(0,a)-^Hom(7ri(G),yl«) 
is exact. If A = a/F^ , then it induces an exact sequence 

(3.3) ^ Hl{G,A)-^Hl{g,a)-^Rom{7Ti{G),A^). 

Proof. If / G Zl{G,A) satisfies Dif = 0, then Lemma III. 2 implies that df — because 
df is equivariant, and hence that / is constant, and we get f{g) = /(I) = for each g G G. 
Therefore Di is injective on Zl{G,A). The kernel of P:Z^{Q,a) IIom(7Ti(G), ^) consists of 
those 1-cocycles a for which a''^ is the differential of a smooth function f:G^A with /(I) = 
([Ne02, Prop. 3.9]), which means that a = Dif for some / e Zl{G,A) (Lemma III.2). This 
proves the exactness of the first sequence. 

Now we assume that A = a/F^ . If a e B^q, 0) , then a'^^ is exact (Lemma B.5), so that 
P(a) = 0. Therefore P factors through a map i?^(g, a) — * IIom(7ri(G), o) . The exactness of 

(3.3) follows from the observation that Di{Bl{G, A)) = B^{g,a) and the exactness of (3.2). ■ 

Remark III. 5. For each a G Z^g, a) the corresponding equivariant 1-form a®i is closed and 
it is exact if a G B^(g, a) , so that we obtain a map 

Proposition III.4, applied to the case A = a now means that the sequence 

HliG, a)^Hl{g, a) >H'^^{G, a) 

is exact. Let Fa C a be a discrete subgroup and consider A := a/F^. For 

HUG,rA) := {[a] € //^^(G, a): (V7 G C°°{S\G)) J^a G Ta}, 

we then have 

Hl^{G,TA)=dG'^{G,A)/dC°^{G,a) 
([Ne02, Prop. 3.9]), and we obtain an exact sequence 

(3.4) ^ Hl{G,A)^H^^{Q,a) >rt\G , a) / dC^ {G , A) , 

because for a G Z^g, a) the condition [a'^'^] G dG°°(G, A) is equivalent to P([q:]) = (Proposi- 
tion III.4). ■ 
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Definition III. 6. Lot A bo a smooth G-modulc for the connected Lie group G and assume 
that Aq = a/TA holds for the identity component of A. Then for each a £ A we obtain a 
smooth cocycle 

d'cia) e Zl{G,Ao), d'ciaXg) := g.a - a. 
Taking derivatives in 1 leads to homomorphisms 

:= Di o d'a- A ^ Zl{Q, a) and 6a: 7ro(A) ^ HI{q, a). 
The map 6a is called the characteristic homomorphism of the G -module A . m 

Lemma III. 7. Let A and B he smooth modules of the connected Lie group G and assume 
that Aq = Bq = a/TA as G -modules, where Ta Q a is a discrete subgroup. Then there 
exists an isomorphism ip:A^B of G -modules with -^1^0= idAo */ ^'^^ ^'^'J/ */ there exists a 
homomorphism ^■.tto{A) — > tto{B) such that the characteristic homomorphisms of A and B are 
related by 

6b oj = 0a- 

Proof. li tp: A ^ B is an isomorphism of G-modules restricting to the identity on Aq , then ip 
induces an isomorphism 7 := 7ro(V'): ''■o(^) 7ro(-B), and it follows directly from the definitions 
that 6*5 o 7 = 6a- 

Suppose, conversely, that 7:7ro(A) — > 7ro(-B) is an isomorphism with 6b °1 = 6a- Since 
^0 is an open divisible subgroup of A, we have A = Aq x 7ro(A) as abelian Lie groups and 
likewise B = AqX 7ro(-B) . For each homomorphism ^pQ•. 'Kq{A) — > Aq we then obtain a Lie group 
isomorphism 

(3.5) ip:A^B, (ao,ai) (ao + </5o(ai),7(ai))- 
Since G acts on A = AqX-ko {A) by 

fif.(ao,ai) = {g.a(i-\-d'Q{a-C){g),ai), 
the isomorphism ^p is G-equivariant if and only if 

(3.6) <Po(ai) + d'G{ai){g) = g.ipo{ai) + d'G{7{ai)){g) 
for g gG, ai G 7ro(^) , which means that 

dcivoiai)) = d'ciai) - ^'(5(7(01)) =: /?. 

To see that a homomorphism ipo with the required properties exists, we first observe that our 
assumption implies that /3 is a homomorphism no{A) — > Zl{G,Ao) with im(Di o/3) C rf^a. In 
view of the divisibility of a, there exists a homomorphism 6: 'Ko{A) —>■ a with Di o f] = dg o S = 
Di o do ° QA ° S . Since Di is injective on cocycles (Proposition III. 4), we obtain (5 — dG°qA°5. 
We may therefore put <^o := 9a ° ^ to obtain an isomorphism of G-modules as in (3.5). ■ 



IV. Period homomorphisms for abehan groups 

In this section G denotes a connected Lie group, a is a smooth sequentially complete G -module, 
and w G (fli ^) is a continuous Lie algebra cocycle. We shall define a homomorphism of abelian 
groups 

perj^:7r2(G) a, 

called the period map of uj . 

Suppose that g: G ^ G is an extension of G by the smooth G-module A whose Lie algebra 
is isomorphic to ®aj f| and ^0 — d/F^ holds for a discrete subgroup F^ = 'k\{A) of a. Then 

we show that the period map is, up to sign, the connecting map of the long exact homotopy 
sequence of the principal A-bundle A ^ G — » G, whose range is contained in the subgroup 
Fa C 0. 
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Definition IV. 1. In the following Ap ~ {(xi, . . . , Xp) G W:xi > 0,J2j^j — 1} denotes 
the p- dimensional standard simplex in W . We also write {vq, . . . ,Vp) for the afline simplex in 
a vector space spanned by the points vq,. . . ,Vp. In this sense Ap = (0, ci, . . . , gp) , where ej 
denotes the i-th canonical basis vector in W . 

Let y be a smooth manifold. A continuous map /: Ap — > F is called a -map if it 
is differentiable in the interior int(Ap) and in each local chart of Y all directional derivatives 
X df{x){v) of / extend continuously to the boundary i9Ap of Ap. For fc > 2 we call / a 
C'^-map if it is and all maps x i— > df{x){v) are C'^"^ , and we say that / is smooth if / is 
C"= for every fc € N. We write C°°(Ap, for the set of smooth maps Ap — > Y. 

If S is a simplicial complex, then we call a map f:Ti ^ Y piecewise smooth if it is 
continuous and its restrictions to all simplices in S are smooth. We write C^{T,,Y) for the 
set of piecewise smooth maps S — > F . There is a natural topology on this space inherited from 
the natural embedding of Cp^, (S, Y) into the space Hscs ^pwi^^ ^) ; where S runs through all 
simplices of S and the topology on C^{S, Y) is defined as in [Ne02, Def. A. 3. 5] as the topology 
of uniform convergence of all directional derivatives of arbitrarily high order. ■ 

The equivariant form w'^i is a closed 2-form on G, and we obtain with [Ne02, Lemma 5.7] 
a period map 

per^^:7r2(G) -» a 

which is given on piecewise smooth representatives cr: §^ — » G of free homotopy classes by the 
integral 

If w is a coboundary, then Lemma B.5 implies that cu'^^ is exact, so that the period map is trivial 
by Stoke's Theorem. We therefore obtain a homomorphism 

Hcia, a) -> Hom(7r2(G), a), [w] i-^ per^ . 

The image 11^^ := per^(7r2(G)) is called the period group of u . Since the group G is connected, 
the group 7ro(G°°(§^, G)) of connected components of the Lie group G°^(§^, G) is isomorphic to 
772 (G) , and we may think of per^^ as the map on 7r2(G) obtained by factorization of the map 

J (J 

which is locally constant ([Ne02, Lemma 5.7]). 

Lemma IV. 2. The image of the period map is fixed pointwise by G , i.e., ^ ■ 

Proof. In view of [Ne02, Th. A. 3. 7], each homotopy class in 7r2(G) has a smooth representative 
cr:S^ G. Since G is connected, and the map G C°°{S'^,G),g ^ Xg o a is continuous, we 
have for each g G G: 

PevM)= f a*co'^^^ f a*X;u;'^^^ f a*ipa{g) o co'^'^) = p,{g).pevM). 

Js^ Js^ Js^ 

We conclude that the image of per^^ is fixed pointwise by G . ■ 




Period maps as connecting homomorphisms 

Let A ^ G > G be an abelian Lie group extension of A. Then the Lie algebra g of 
G has the form o (Bu because the existence of a smooth local section implies that 0^0 
has a continuous linear section (Proposition 1.3). In this subsection we will relate the period 
homomorphism per^ to the connecting homomorphism 6:'K2{G) tti{A) from the long exact 
homotopy sequence of the bundle A ^ G—^G . 
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Deflnition IV. 3. We recall the definition of relative hom.otopy groups. Let /" := [0, 1]" 
denote the n -dimensional cube. Then the boundary 9/" of /" can be written as /"-^ u J"~^ , 
where /"-^ is called the initial face and J"~^ is the union of all other faces of 7". 
Let X be a topological space, Y C X a subspace, and xo £Y . A map 

f: {r,r-\j^-')^{x,Y,xo) 

of space triples is a continuous map f:I"^X satisfying f{I"~^) C Y and f{J"'~^) = {xo} . 
We write F, xq) for the set of all such maps and 7r„(X, F, xq) for the homotopy classes 

of such maps, i.e., the arc-components of the topological space F, xq) endowed with the 

compact open topology (cf. [Ste51]). We define F^^{X,xq) := [X , {xq} , Xq) and 7r„(X, ccq) := 
TTniX, {xo}, xq) and observe that we have a canonical map 

a:7r„(X,r,xo) ^7r„_i(Y-,a;o), [/] ^ [f\i^-i]. ■ 

Example IV. 4. Let q: P M be a (locally trivial) -principal bundle, yo € P a, base point, 
xq '■= q{yo) and identity H with the fiber q~^{xo)- Then the maps 

q,:TTu{P,H) ■.= TTkiP,H,yo)^TTk{M) :=nk{M,Xo), [/] ^ [q o f] 

are isomorphisms ([SteSl, Cor. 17.2]), so that we obtain connecting homomorphisms 

6:=do{q,)-^:wk{M)^nk-i{H). 

The so obtained sequence 

^ 7rfe(P) ^ TTkiM) 7Tk-i{H) ^ . . . ^ ^i(P) ^ 7ri(M) ^ MH) ^ MP) ^ MM) 

is exact, where the last two maps cannot be considered as group homomorphisms. This sequence 
is called the long exact homotopy sequence of the principal bundle P ^ M . ■ 

Proposition IV. 5. Let q:G ^ G he an abelian extension of not necessarily connected 
Lie groups with kernel A satisfying Aq = o/F^, where a is a sequentially complete locally 
convex space. Then q defines in particular the structure of an A-principal bundle on G . If 
ijj G Z^(g,a) is a Lie algebra 2-cocycle with g = a(Boj 0, then 5:n2{G) — » 7ri(A) and the period 
map per^^ : 7r2 (G) — > a are related by 

5 = - per^:MG) ^ M^) ^ 

Proof. Let 6 e fi^ {G, o) be a 1 -form with the property that for each g G G the orbit map 

rig: A ^ G,a i-^ ga satisfies ri*Q = 9a, where Oa G rt^{A,a) is the invariant 1-form on A 
with 9a,o = ido, i.e., the Maurer-Cartan form on A. We have seen in [Ne02, Prop. 5.11] that if 
O e fi'^{G, a) satisfies q*Cl = —dO , then 5 = — perQ . 

To apply this to our situation, we consider the action of G on ^ given by g.a := q{g).a. 
Then q*uj'^'^ is an equivariant closed 2-form on G with {q*u)'^'^)i = L{q)*Lj. Let Pa'-^ = a®oj9 —>■ 
a, {a,x) X denote the projection onto o. Then 

dpaiia,x),{a',x')) = {a,x).pa{a' ,x') - {a' ,x').pa{a,x) - Pai[{a,x),{a' ,x')]) 
= x.a' — x'.a — {x.a' — x' .a + u){x, x')) = —U!{x, x') 
= -{L{q)*iv){{a,x),{a',x')). 

In view of Lemma B.5, this implies 

dipl^) = (rfgpa)^^ = -(L(9)*a;)^^ = -q*u;^^. 

Applying the preceding remarks with G = p^ , we obtain 6 = — per^^ . ■ 
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Remark IV. 6. Let A ^ G ^> G he an abclian extension of eonnec;tc;(l Lie gronps and assume 
that A = a/TA holds for a discrete subgroup C a, that we identify with ni{A) . In view of 
n2{A) = 7r2(o) = 1 , the long exact homotopy sequence of the bundle G ^ G leads to an exact 
sequence 

^ 7r2(G) ^ TT2{G)^^n^{A) ^ tt^{G) 7ri(G) ^ 0. 

This implies that 

iT2{G) = kerper^^ C it2{G) and t^i{G) = i^iiG)/ cokerper^^ . 

These relations show how the period homomorphism controls how the first two homotopy groups 
of G and G are related. ■ 



V. From Lie algebra cocycles to group cocycles 

In Sections V and VI we describe the image of the map 

D:Hl{G,A)^Hl{Q,a) 

for a connected Lie group G, and an abelian Lie group A of the form a/TA- In the present 
section we deal with the special case where G is simply connected. 

Let G be a connected simply connected Lie group and a a sequentially complete locally 
convex smooth G-module. Further let Ta C a*^ be a subgroup and write A := a/TA for the 
quotient group, that carries a natural G-module structure. We write qa - a ^ A for the quotient 
map. If, in addition, Ta is discrete, then A carries a natural Lie group structure and the action 
of G on A is smooth. 

Let uj G Z'^{q, a) and C o*^ be the corresponding period group (Lemma IV. 2). In the 
following we shall assume that 

Ho. c r^. 

The main result of the present section is the existence of a locally smooth group cocycle / G 
Zl(G,A) with DJ if La is discrete (Corollary V.3). 

A special case of the following construction has also been used in [Ne02] in the context of 
central extensions. For g & G we choose a smooth path ai,g: [0, 1] — > G from 1 to g. We thus 
obtain a left invariant system of smooth arcs ag_h ■= Agoai g-i^ from g to h, where Xg{x) := gx 
denotes left translation. For g,h,u € G we then obtain a singular smooth cycle 

that corresponds to the piecewise smooth map otg^h,u S G^(9A2,G) with 

{ag,h{s), fort = 

a;i,„(l-s), for.s + f = l 
ag,u{t)., for s = 0. 

For a simplicial complex E we write S(j) for the j-th bary centric subdivision of S. 
According to [Ne02, Prop. 5.6], each map ag,/,.,, can be obtained as the restriction of a piecewise 
smooth map a: (A2)(i) — > G. Let a': (A2)(i) ^ G be another piecewise smooth map with the 
same boundary values as a. We claim that J^w**^ — J^i'^^^ € 11^^. In fact, we consider the 
sphere as an oriented simplicial complex E obtained by gluing two copies D and D' of A2 
along their boundary, where the inclusion of D is orientation preserving and the inclusion on 
D' reverses orientation. Then a and a' combine to a piecewise smooth map 7: E ^ G with 
7 1£) = (7 and 7 \d' = cr' , and we get with [Ne02, Lemma 5.7] 




We thus obtain a well-defined map 

F:G^-^A, {g,h.u)^qA[j^u,''^). 
where a G C^((A2)(i), G) is a piecewise smooth map whose boundary values coincide with 
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Lemma V.l. The function 

f:G^^A, {g,h)^F{l,g,gh) 

is a group cocycle with respect to the action of G on A. 
Proof. First we show that for g,h G G we have 

f{g,l) = F{l,g,g) = and f{l,h) = F{l,l,h) = 0. 

If g = h or h = u, then wc can choose the map a: A2 G extending Ug^h.u in such a way that 
vk{da) < 1 in every point, so that cr*a;'"^ = 0. In particular we obtain F{g,h,u) = in these 
cases. 

From ag_h,u ~ ° Q^i.g-i/i.g-iw wc sec that for every extensions a: (A2)(i) — > G of 
ai g-i;j g-i„ the map Xg o a is an extension of ag^h,u- In view of X*lu'''^ = Pa{g) ° w®*!, we 
obtain 

/ (Ag o C7)*a;«i = / a*X;L0'>'^ = Pa{g). [ a*uj-^, 
Js^ Js^ Js^ 

and therefore 

(5.1) F{g,h,u) = pA{g).F{l,g-'h,g-'u). 

Let A3 C be the standard 3 -simplex. Then we define a piecewise smooth map 7 of its 

1 -skeleton to G by 

7(i, 0, 0) = ai,g(i), 7(0, t, 0) = ai,gh{t), 7(0, 0, t) = ai,ghu{t) 

and 

7(1 -t,t,0) = ag^gh{t), 7(0, 1 = agh,ghu{t), 7(1 -t,0,t) = ag,ghu{t). 

As G is simply connected, we obtain with [Ne02, Prop. 5.6] for each face A| , 7 = 0, . . . , 3 , of A3 
a piecewise smooth map 7^- of the first barycentric subdivision to G, extending the given map 
on the 1 -skeleton. These maps combine to a piecewise smooth map 7: (9A3)(i) — > G. Modulo 
the period group 11^^ we now have 

3 



J7 JdAs -n J'1 



^3 i=0"'T< 

= F{g, gh, ghu) - F{l,gh, ghu) + F{1, ,9, ghu) - F{1, g, gh) 
= PA{g)-f{h, u) - f{gh, u) + f{g, hu) - f{g, h). 

Since uj'^'^ G 11^^ , this proves that / is a group cocycle. ■ 

In the next lemma we will see that for an appropriate choice of paths from 1 to group 
elements close to 1 the cocycle / will be smooth in an identity neighborhood. The following 
lemma is a slight generalization of Lemma 6.2 in [Ne02]. 

Lemma V.2. Let U C q be an open convex -neighborhood and (f-.U ^ G a chart of G with 
ip{0) = 1 and d(p{0) = idg . We then define the arcs [l,<f{x)] by a^(^x){t) •= fitx). Let V CU 
be an open convex -neighborhood with (p{V)(p{V) C ip{U) and define x * y := (p~^{ip{x)(fi{y)) 
for x,y gV . If we define a^^y := ifo 'y^ y with 

lx,v-- A2 U, {t, s) t{x * sy) + s{x * (1 - t)y), 

then for any closed 2 -form SI e 3 a sequentially complete locally convex space, the 

function 

fv:VxV^i, {x,y)^ [ O 
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is smooth with d^fv{0,0){x,y) = ^Qi{x,y) (see the end of Appendix B for the notation). 

Proof. First we note that the function V xV ^ U,{x,y) x*y is smooth. We consider the 

cycle 

The arc connecting a; to a; * y is given by s i— > a; * sy , so that we may define ax,y := if o 73. ^ 
with 'yx,y as above. Then 

fv:VxV^i, {x,y)^ n= lx,y^*^, 

and 

(5.2) fv{x,y) = {ip*n){ip{jx^y{t, s))) (^^jx^yit, s), -^-fx^y{t, s)j (It (Is 

imphes that fv is a smooth function in V xV . 

The map 7: {x, y) 1-^ jx,y satisfies 

(1) lo,y(t,s) = sy and 7a;,o(i, s) = {t + s)x. 

(2) mlx,y A ^7x,j/ = for X = or y = 0. 

In particular we obtain fv{x,0) = fv{0,y) = 0. Therefore the second order Taylor polynomial 

T2 {fv){x, y) = /y (0, 0) + dfv (0, 0) (x, 0) + dfv (0, 0) (0, y) + irfl^l fv (0, 0) ((x, y) , (x, t/)) 

of fv in (0, 0) is bilinear and given by 

T2Uv){x,y) = id[2l/^(o,o)((x,0),(0,y)) + ^S^^fv{0,0){{0,y),{x,0)) = d^fv{0,0){x,y) 

(see the end of Appendix B). 

Next we observe that (1) implies that ■§ilx,y and -§^lx,y vanish in (0,0). Therefore the 
chain rule for Taylor expansions and (1) imply that for each pair {t, s) the second order term of 

f d d \ 

{'P*^){lx,y{t,s))y — -ix,y{t,s),—^x,y{t,s) j 

is given by 

(V3*ri)(7o,o(i, s)){x,y) = {d(p{0)*ni){x,y) =Oi(a;,y), 

and eventually 

d^fv{0,0){x,y) =T2ifv){x,y) = [ dtds ■ni{x,y) = ]-^^{x,y). ■ 

Corollary V.3. Suppose that Ta is discrete with U.^ C Ta and construct for oj e Z^{Q,a) 
the group cocycle f G Z^{G,A) as above from the closed 2 -form w'^i e Cl'^{G,a). If the paths 
Q!i,5 for g S ^p{U) are chosen as in Lemma V.2, then f € Z'^{G,A) with D{f) = u. 

Proof. In the notation of Lemma V.2 we have for x,y gV the relation 

f{ip{x),ip{y)) =qA{fv{x,y)), 
so that / is smooth on <f{V) x (f{V) , and further 

Df{x,y) = d^fvil, l)ix, y) - d^fv{l, l){y,x) = ij{x, y). m 
The outcome of this section is the following result: 
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Theorem V.4. Let G be a connected simply connected Lie group and A a smooth G -module 
of the form q/Ta, where Ta Q a is a discrete subgroup. Let lo G Z^[Q,a) be a continuous 
2-cocycle and H^^ C a*^ its period group. Then the following assertions are equivalent: 

(1) The Lie algebra extension a := a(Buj Q ^ can be integrated to a Lie group extension 
A^G^G. 

(2) [w] £ im(L') . 

(3) uj e im{D) . 

(4) H^CTa. 

(5) // qA- a A is the quotient map and P{[uj]) := qA o pcr^: 7r2(G) A, then P{[uj]) = 0. 

Proof. (1) (2): If G is an extension of G by A corresponding to the Lie algebra extension 
5 = a ©a; 01 then we can write G as A Xf G (Proposition n.6), and Lemma n.7 implies that 

D[f] = [Df] = [co]. 

(2) ^ (3): If [w] = D[f] = [Df] for some / G Z^{G,A), then Df - to € B'^{Q,a) and there 
exists an a e Cl{Q,a) with Df - oj = d^a. Then the 2-form (dgaf^ = da"'^ e ^^(^,0) is 
exact (Lemma B.5), so that its period group is trivial, and Corollary V.3 implies the existence of 
h e Z^{G,A) with Dh = d^a. Then /i := f-h& Zl{G,A) satisfies D{f-h) = Df-Dh = w. 

(3) => (1): If Df = CO , then the Lie group extension AxfG^G (Proposition II. 6) corresponds 
to the Lie algebra extension a ©_d/ Q — a(B^ q ^ g (Lemma II. 7). 

(1) => (4) follows from Proposition IV. 5 which implies that if G exists, then the period map 
coincides up to sign with the connecting homomorphism 6: n2{G) — > 7ri(A) = C a in the long 
exact homotopy sequence of the principal ^-bundle G. 

(4) ^ (3) follows from Corollary V.3. 

(4) (5) is a trivial consequence of the definitions. ■ 



VI. Abelian extensions of non-simply connected groups 

We have seen in the preceding section that for a simply connected Lie group G and a smooth G- 
module of the form A = a/TA the image of the map D: H^{G, A) H^{0, 0) can be represented 
by those cocycles co G Z^{g, a) for which IIc^. CTa — 7ri(A) . 

In this section we drop the assumption that G is simply connected. We write qa-G ^ G for 
the simply connected covering group of G and identify tti (G) with the discrete central subgroup 
ker^G of G. 

Let CO € Z^{Q,a) . In the following we write pA for the action of G on A, pa for the action 
of G on a and pa for the derived representation of g on a . 

Remark VI. 1. (a) To a 2-cocycle uj G Z^{g,a) wc associate the linear map 

w-.g ^ Gl{Q,a) =L'm{g,a), xi-^i^w. 

We consider Lin(0, 0) as a 0-module with respect to the action 

{x.a){y) := pa{x).a{y) -a{[x,y]). 

We do not consider any topology on this space of maps. The corresponding Lie algebra diflFerential 
rfg: G^(fl,Lin(f|, 0)) G^(0, Lin(g, a)) then satisfies 

{dQLo){x,y){z) = {x.iyiv - y.ia^u) - i[^^y]U)){z) 

= x.ui{y, z) - uj{y, [x, z\) - y.uj{x, z) + uj{x, [y, z]) - u;{[x, y],z) 
= -z.w{x,y) = -dQ{u;{x,y)){z). 

Since the subspace S^(fl, 0) = d^a C G^(f|, a) is fl-invariant, we can also form the quotient 
g -module 

Hl{3,a) ■.= Cl{g,ayBlig,a). 
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We then obtain a linear map 

and the preceding calculation shows that this map is a 1-cocycle. We call /^^ the infinitesimal 
flux cocycle. In the following we are concerned with integrating this cocycle to a group cocycle 

This is problematic because the right hand side does not have a natural topology, so that we 
cannot directly apply Proposition III. 4. 

(b) A first step to globalize the situation is to translate matters from the Lie algebra to vector 
fields on G . We shall see that on the level of vector fields the infinitesimal fiux cocycle corresponds 
to the map 

Q ^ H^^{G, a) := Q\G, a)/dC°°{G, o), 

where for x G g wc write Xr for the corresponding right invariant vector field on G with 
Xr{l) = X. Note that for v £ Tg{G) wc have 

(ix.a;«'^)(t^) = g.u;{kd{g)-\x,g-\v). 

Formally the linear map fui-0 ^ Lin(£|, o), x i— > ixto defines an equivariant Lin(£|, o)-valued 

1-form Z®'^ on G as follows. For each x £ q evaluation in x is a linear map eva,: Lin(g, a) — > 
a, a I— > a{x) and ev^ o/^^: g ^ a is a continuous linear map, hence defines an equivariant a-valued 
1-form {evx °fwT'^ on G. For any piecewise smooth path 7: [0, 1] ^ G we then have 

^(ev, olr = I' 7{t)-{Lh{trW{t))) (x) dt = ^{t).u{^{t)-W{t), Ad{^{t))-\x) dt 

= [\{t).u;{^{t)-W{t),7{t)-'.Xrm))dt = - [ i.^.u:^^. 

Jo J'y 

Next we derive some formulas that will be useful in the following. We recall the Lie 
derivative jC^r = d o i^^ + i^^ o d as an operator on difii'erential forms. The equivariance of u'^'^ 
leads to 

([Ne02, Lemma A. 2. 4]). In view of the closedness of w*"!, this leads to 

(6.1) dii^^co'^'i) = Ca^^.w""^ - i^jLo'"'^ = Pa{x) o w^'i. 
Further the formula [Cx^,iy^] = i[xr,yr] = ~Hx,y]r implies 

= Pa{x) O iy^Uj'"^ - pa{y) ° ixr^^"^ - diixJyrl^^V- 

This means that the o-valued 1-form 

(6.2) Pa{x) O iy^U!^"*^ - Pa{y) O ix^LV""^ - i[x,y]^U)'''^ = d{ixJy^UJ^'^) 

is exact, which entails that 

L- Q Hl^(G, 0), X ^ [ixr.'^"'^] 

is a 1-cocycle with respect to the representation of g on H\^{G, a) given by a;. [a] := [pa{x)oa\ . 
Since the form u^'^ is closed, the map also is a cocycle with respect to the action given by 
a;. [a] := [—Cx^-a] because g V(G) homomorphism of Lie algebras (cf. Lemma 

IX.8). ■ 



22 Abelian extensions of infinite-dimensional Lie groups February 18, 2004 

Lemma VI. 2. Let 7: [0, 1] ^ G be a piecewise smooth path. Then we obtain a continuous 
linear map 

fL(7):fl ^ a, x^- [ i^^u'^^ = [\{t).u,{j{t)-^y{t),Ad{j{t))-\x)dt 

J-y Jo 

with the following properties: 

(1) // 7(1)~^7(0) is contained in Z{G) and acts trivially on a, then -^01(7) G Zl{Q,a). 

(2) // 71 and 72 are homotopic with fixed endpoints, then ^^^(71) — -PL (72) is a coboundary. 

(3) For a piecewise smooth curve rj: [0, 1]^ G we have 



[ F^{jr= [ < 



•■ ui\ I J — I " 

'V 

for the piecewise smooth map H: [0, 1]^ G, {t, s) 1— > 77(5) • 7(4). 
Proof. In view of formula (6.2) above, we find for x,y G g the relation 



dg{F^{-f))ix,y)=x.FUl){y)-y.FUl){x)-FU-f)i[x,y]) 

= - pa{x) o iy^uj""^ - pa{y) o ix^u""^ - i[x^y]^uj'"^ = - I d{ixjy,u)'''^) 

= u;«''(7(0))(y.(7(0)),x.(7(0)))-c.«'^(7(l))(2/.(7(l)),:^^.(7(l))) 

= 7(0).u;(Ad(7(0))-i.y, Ad(7(0))-i.a;) - 7(l).a;(Ad(7(l))-^y, Ad(7(l))-^a:). 

(1) If 7(1)~^7(0) € Z{G) = kerAd acts trivially on 0, then the above formula implies that 

ds{Fo.h)) = 0, i.e., that ^^(7) G Zl{g,a). 

(2) For (7 G G we first observe that 

Fu,{g-l){x) = - [ ix.-o;^^ = f\j{t).oj{j{t)-\j'{t),Ad{gj{t))-\x)dt 

JXgO^ Jo 

= g. l\{t).w{^{t)-\i{t),Ad{^{t))-^Kd{g)-\x)dt 
Jo 

= g.F^{^){M{g)-\x) = {g.FUl)){x). 

For the natural action of G on Lin(g, a) by {g.(f){x) := g.ip{Ad{g)^^ .x) and the left translation 
action on the space Cp„,(/, G) of piecewise smooth maps / := [0,1] G, the preceding 
calculation shows that the map 



F^: CUl, G) ^ Lin(0, a) = Cl{g, a) 



is equivariant. 

For the composition 



71 (2t) forO<t<i 
7i(l)72(0)-W2(2t - 1) for i < t < 1 



of paths we thus obtain the composition formula 

(6.3) F„(7ih2) = -FL(7i) + ^a.(7i(l)72(0)-S2) = FM + 7i(l)72(0)-^^l(72). 

For the inverse path 7~(t) :=7(1 — i) we trivially get ^,^(7") = — ^^^(7) from the transformation 
formula for one-dimensional integrals. If the two paths 71 and 72 have the same start and 
endpoints, then the path 7i)t7;7 closed, and we derive with (1) that 

^..(71) - ^..(72) = ^..(71) + 71(1)72" (0)-'.^..(72") = ^L(7itt72") e Zlig, a). 
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That two paths 71 and 72 with the same cndpoints arc homotopic with fixed cndpoints 
imphes that the loop 7 :— 7itt7;7 is contractible. It therefore has a closed piecewise smooth lift 
7: [0,1] = 9A2 — > G with go o 7 = 7 . Using Proposition 4.6 in [Ne02] , we find a piecewise smooth 
map ct: A2 ^ G such that a \ dA2 = 7- Let a := qa oa. Then a \ dA2 = 7, so that Stoke's 
Theorem and formula (6.1) lead to 

J'y J9A2 JA2 

J <7 J (J J a 

Therefore F^ici) € B\{q,<x), and (2) follows. 
(3) We have 

Jt] Jo 

= t [\{sh{t).oj{j{t)-\y{t),Ad{j{t)-')on{s)-\v'{s))dtds 
Jo Jo 

= 11 H{t,s).uj{H{t,sr^T]{s).j'{t),H{t,s)-\{fj\s).-f{t)))dtds 
Jo Jo 

= I' I' Hit, s)..{Hit, s)-\'-^,Hit, s)-.^) dtds 
J[o,ip Jh 



Proposition VI. 3. We have a well-defined map 

F^: G ^ HKq, a) = Lin(0, a)/Bl{Q, a), g ^ [F^qc ° 7g)] := F^Qg ° 7g) + B^q, a), 

where 7g: [0, 1] ^ G is piecewise smooth with 7g(0) = 1 and 7g(l) = g- The map F^^ is a 
1-cocycle with respect to the natural action of G on H^ig, a) . Moreover, we obtain by restriction 
a group homomorphism. Z{G) nkerp^ o),[7] 1-^ [-^^(7)] and further by restriction to 

7ri(G) a homomorphism 

F^:n,{G)^Hl{g,a). 

Proof. That is well-defined follows from Lemma VI. 1(2) because two different choices 
of paths 7g and rjg lead to paths qq o "fg and qq o rjg in G which arc homotopic with fixed 
endpoints. Next we note that for paths 7g . , i = 1,2, from 1 to gi in G the composed path 
79itt7s2 connects 1 to gig2- Hence the composition formula (6.3) leads to 

FUam) = F^{jgihg2) = -PI(7si) +ffl-fl(7s2) = Fu;{gi) + 9l-Fu;{92), 

showing that the map is a 1-cocycle. 

Since Z{G) fl kerpu acts trivially on g and o, hence on Lin(g,a), the restriction of F^^ 
to this subgroup is a group homomorphism, and Lemma VI. 2(1) shows that its values lie in the 
subspace iJ^(fl, a). ■ 

The cocycle G — > H^{q, a) is called the flux cocycle and its restriction to 7ri(G) the flux 
hom,om,orphism for reasons that will become clear in Definition IX. 9 below. Next wc relate the 
flux homomorphism to group extensions. Although the following proposition is quite technical, 
it contains a lot of interesting information, even for the case of non-connected groups A . 
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Proposition VI. 4. Let A be an abelian Lie group whose identity component satisfies Aq = 
a/TA, where Fa Q a is a discrete subgroup. Further let q:G—*G be a Lie group extension of G 
by A corresponding to the Lie algebra cocycle w € Z^is, a), so that its Lie algebra is g = a(Buj0- 
In these terms we write the adjoint action of G on q as 

(6.4) Ad{g).{a,x) = {g.a-9{g){g.x),g.x), gGG,aGa,xeQ, 
where g.x = Pi.(i{q{g)) .x and 

e-.G ^ Cl{Q,a) = Un{Q,a) 

is a 1-cocycle with respect to the action of G on Lin(0, a) by {g.a){x) := g.a{g~^ .x) . Its 
restriction 6a'= 6\a is a homomorphism given by 

6A{a) = D{dG{a)) with {dGa){g) := g .a — a and D{dGa){x) := x.a := (d{dGa){l)){x). 

This 1-cocycle maps Aq to B^{Q,a) and factors through a 1-cocycle 

0: G/Ao HliQ, a) = Lin(fl, a)/Bl{g, a), q{g) ^ [0{g)]. 

The map q-. G/A^ — > G,gAQ h-» q{^g) is a covering of G , so that there is a unique covering 
morphism qc'. G — > G/Aq with qoqQ = qc , o,f^d the following assertions hold: 

(1) The coadjoint action of G on q and the flux cocycle are related by 

F^ = -doqG:G^ Hl{g,a). 

(2) If 6: 7ri(G) — > 7ro{A) C G/Aq is the connecting homomorphism from the long exact homotopy 
sequence of the principal A -bundle q:G G, then 

F^ = -eAoS:7r^{G)^Hl{g,a), 

where 6a'- t^o{A) H^is, o) is the characteristic homomorphism of the smooth G-module A. 

(3) // A is connected, then Fui{tti{G)) = {0}. 

Proof. From the description of the Lie algebra g as a g , it is clear that there exists a 
function 6:G ^ Lin(0, a) for which the map {g,x) ^ 9{g){x) is smooth and the adjoint action 
of G on is given by (6.4). Since Ad is a representation of G, we have 0(1, x) = and 

(6.5) ^(5152) (5152a;) = gi-0{g2){g2-x) -{- 0{gi){gig2-x), 51,52 €G,x eg, 
which means that 

^(5152) =51-^(52) +^(51), 
i.e., ^ is a 1-cocycle. As A acts trivially on and g , the restriction 0a ■= 0\a is a homomorphism 

0A:A^Zl{g,a) with Ad{b).{a,x) = {a - 0Aib)ix),x), b€A,aea,xGg. 

The relation 9{b) G Z^g, a) follows directly from Ad(6) e Aut(0). 
For g € G with q(g) = g and b (z A we have 

bgb-' = {bgb-^g-')9 = {b-9.b)-g, 

which leads to 

Ad(6).(a, x) = (a — x.b, x) 

and therefore to 9A{b){x) = x.b. For a G a and b = qA{a) wc have x.b = x.a, so that 
^(^0) = Bl{g,a). Hence 6 factors through a 1-cocycle 0:G/Aq — > H^{g,a) whose restriction 
0A to 7ro(A) = A/Aq is given by 

0a: 710 (A) = A/Ao ^ Hl{g, a), [a] ^ [0A{a)] = [D{dGa)]. 
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(1) For a fixed .x £ g the cocycle condition (6.5) implies for the smooth functions Ox - G a, g 
9{g){x) the relation 

0x{9h)=g.eg-iAh)+0x{9)- 
For the differentials we thus obtain 

(6.6) dex{g)dXg{l) = pa{g) o d9g-i,x{l). 

Prom formula (6.4) for the adjoint action, we get in view of ^(1) = the formula 

{x' .a — x.a + U!{x' , x), [x , x\) = ad(a', a;')(a, x) = {x .a — d9x{'i-){a , x), [x , x]), 
so that 6 and the corresponding Lie algebra cocycle are related by 

rf^x(l)(a'j x') = u){x, x') + x.a' . 

With (6.6) this further leads to 

dex{g)dXg{\){a',x') = g.{iv{g-\x,x') + {g-\x).a') = iv^'^{xr{q{g)),d\(g){l).x') + x.{g.a'). 
In Q.^{G, a) we therefore have the relation 

dOx = Pa{x)opV^ + q^ixr^^""^), 

where Pa{a', x') = a' is the projection of g onto a and p'^ the corresponding equivariant 1-form 
on G. 

Let 7: [0, 1] ^ G be any piecewise smooth loop based in 1 . Then there exists a piecewise 
smooth map 7: [0, 1] ^ G with 907 = 7 and 7(0) = 1 . Then 7 := o 7: [0, 1] ^ G is the 
unique lift of 7 to a piecewise smooth path in G starting in 1 . We now have 

-h{l){x)= I ix.u:'"'= I l*{ixX'')= I rQ*{i.r^'"') 

Jl J[0,1] J[0,1] 

= / 9*(ic..w''i) = hex- p^{x) opi^ 

J -f J 'J 

= ^x(7(l)) - ^x(7(0)) - Pa{x). = Om)){x) - Pa{x). Ip^. 

This means that 

i^^(7(i)) = = -mm = -omm)) 

and therefore that = —6 oqc because 7 was arbitrary. 

(2) If 7: [0, 1] ^ G is a piecewise smooth loop based in 1, then 7(1) S kerg = A and 
(5([7]) = [7(1)] , as an element of 7ro(A) . This means that 5 can be considered as the restriction 
of qc'-G —^ G/Aq to the subgroup tti{G) — kerg^. Therefore (2) follows from (1) by restriction. 

(3) If A is connected, then ^ = 0, so that (3) follows from (2). ■ 

Corollary VI. 5. //, in addition to ttie assumptions 0/ Proposition VL4, the group G is simply 
connected, then A is connected and 

F^ = -0:G^Hl{Q,a). 
On the subgroup A^ := q~^{Z{G) Piker p^) of G the cocycle 6 restricts to a homomorphism 

(6.7) 0i:Ai ^Zl{Q,a), a^D{dG{a)), 
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where for each a G A' the smooth cocycle dG{a) E Zl{G,A) is defined by dG{a){q{g)) := 
gag~^a~^ . For two piecewise smooth curves 7, 77: [0,1] — > G with 7(0) = r]{0) = 1 and 
7(1), ?7(1) G we have for H: P G, H{t, s) = 'y{t)r]{s) the formula 



(6.8) 



7(l)r?(l)7(l)-Vir' = - / FUvr + rA= f oo'^'^ + Ta. 



Proof. To derive the first part from Propositions VI. 3 and VI. 4, we only have to observe 

that for a € the condition pa (a) = idyi implies that dQ{a) is well-defined on G by 
dG{a){q{g)) = gag~^a~^ , and that this is an element of A because q{a) G Z{G) implies 
dcia) G keiq. 

For (6.8) we first observe that for a; G and qA{x) = x + Ta & A the map dcqAix): G ^ A 
satisfies 



= PAhimQAix)) - qA{x) = {dGqAix)){^{l)) = / d{dG{qA{x)))+TA 

Jf 

= [{D{dGqA{x))r + ^A= [{dsXY'^ + TA, 

so that the integration along 7 yields a well-defined map Hl{g, a) — > a, [a] a"'^. We therefore 
get with Proposition VI. 4, Lemma VI. 2(3) (note the sign change) and —9 = Fui: 



7(l)77(l)7(l)-ir?(l)-i=dG(r?(l))(7(l))= / d(dG(r/(l))) + L^ = / D{dG{v{l))r + 
= [ 0i{rjil)r + TA = - f F^{rj{l)r + TA = - f F^{vr + TA= [ co'^'^ + Ta. 

J ^ J'y J 'J J H 



Corollary VI. 6. Suppose that A = a/F^, that qG'-G G is a universal covering ho- 
momorphism., let q:G ^ G he an A-extension of G corresponding to w € Zl{Q,a), and 
7fi(G') := q^^{TTi{G)). Then the following are equivalent: 

(1) F^(7ri(G)) =0. 

(2) 0(7fi(G))Ci3i(fl,a) = 0(A). 

(3) 7ri(G) = A + ker(^|^^(gp. 

(4) 9(ker(^|-(G))) =7^1(0). 

(5) There exists a group homomorphism a: ni{G) — > ker(^ ^1(0)) ~ ^i(^) ^ ^i^) ^^'^ qoa = 

id,ri(G) • 

Proof. The equivalence of (1) and (2) follows from Corollary VI. 5, and (2) is clearly equivalent 
to (3), which in turn is equivalent to (4) because ker^ = A. 

That (5) implies (4) is trivial. If (4) is satisfied, then we first observe that ker(^|^^^gP = 

ni{G) n Z{G) , so that (3) implies that 7fi(G) is abelian. Further (6.7) in Corollary VI. 5 leads to 

ker(^fe,(G)) ^kerg = ker(0U) = qAia^), 

which is a divisible group. Hence the extension 5^(0^) ^ ker((^ ti(G)-' ""il^) splits, which 
is (5). ' ■ 

The following theorem is the central result of the present paper. 
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Theorem VI. 7. (Integrability Criterion) Let G be a conneeted Lie group and A be a sm,ooth 
G -module with Aq = u/Ta, where Ta is a discrete subgroup of the sequentially complete locally 
convex space a. For each u G Z^{q, ct) the abelian Lie algebra extension a ^ g := a q ^ g 
integrates to a Lie group extension A ^ G ^ G with a connected Lie group G if and only if 

(1) C r^; and 

(2) there exists a surjective homomorphism 7: tti (G) ttq (A) such that the flux homomorphism 
F(^:7ri(G) H^{Q,a) is related to the characteristic homomorphism OA'T^oi^) H^{Qt<^) 
by 

F^ = eAO 7. 

If A is connected, then (2) is equivalent to F^^ = . 

Proof. Suppose first that a Lie group extension G of G by ^ exists which corresponds 
to the Lie algebra cocycle u>. According to Proposition IV.5, up to sign tlie period map can 
be interpreted as the connecting map n2{G) ni{A) = Fa- This imphes (1). That (2) 
is satisfied follows from Proposition VI.4(2) because in view of the connectedness of G, the 
long exact homotopy sequence of the A -bundle G implies that the connecting homomorphism 
^:7ri(G) — > 7ro(A) is surjective. 

Conversely, suppose that (1) and (2) hold. Let qa'-G G denote the simply connected 
covering group of G and recall that 772(^0) is an isomorphism 772 (G) 7r2(G) . We may therefore 
identify the period maps per^^ of G and G and likewise for all quotients of G by subgroups of 
7ri(G). 

From the case of simply connected groups (Proposition V.3) we know that there exists 
an Ao -extension q'iG*' — > G, where A carries the natural G-module structure induced by the 
G-module structure. The Lie algebra of G" is g = a ©a; 0- Let Gi := G/ker7 and observe that 
7ri(Gi) = ker7. Condition (2) implies 7ri(Gi) = ker7 C keri^^^,, so that Corollary VL6 implies 
that there exists a homomorphism 

<7:7ri(Gi)-ker(^|^^(gPCZ(G») 
with o a = id^^((3^) . Then the image of cr is a discrete central subgroup of G" , and therefore 

G:= G«M7ri(Gi)) 

defines an abelian extension ^0 ^ G-^—^Gi corresponding to the given Lie algebra extension 
fl ®w 0^0- If 9i : Gi ^ G is the quotient map with kernel tti (G) / ker 7 = im 7 = ttq {A) , then 
B := ^(7ri(G)/ker7) is a subgroup of G with Bq = Aq and tto{B) = B / Bq = tto{A), which 
implies that B = Bq x no{B) ^ Aq x no{A) = A as abelian Lie groups. As 7 factors through 
an isomomorphism 7:7ro(i?) ttq (A) and the characteristic maps 9a-tto{A) iJ^(fl, 0) and 
^s:7ro(i3) ^ i?c(0, a) satisfy 

Oa 0^ = 63 

(Proposition VL4, Corollary VI. 5), Lemma III. 7 implies that A = B as smooth G-modules. 
Therefore G is an ^-extension of G. ■ 

Remark VI.8. (a) Suppose that only (1) in Theorem VI. 7 is satisfied, and that A is connected. 
Consider the corresponding extension q'^-.G^ ^ G of G by A o/r^. Then G ^ G^TriiG), 
where 7fi(G) := (g'')~^(7ri(G)) is a central A-extension of 7ri(G), hence 2-step nilpotent. 

We have seen in the proof of Theorem VI. 7 that whenever an A -extension G of G 
corresponding to ui & Z^{q, a) exists, then it can be obtained as a quotient of G" by a subgroup 
cr(7ri(G)), where a:ni{G) — > Z{G^) n^i(G) a splitting homomorphism for 7fi(G). This implies 
in particular that tti (G) is abelian. 

Let us take a closer look at the nilpotent group 7fi(G). If this group is abelian, then 
the divisibility of Aq = o/Fa implies that 7ri(G) splits as an -extension of 7ri(G). Clearly 
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this condition is weaker than the requirement that it splits by a homomorphism a:Tri{G) — > 
7fi(G)nZ(G«). 

That TT 1 (G) is abelian is equivalent to the triviality of the induced commutator map 

G:7ri(G) x 7ri(G) ^ A 

According to Corollary VI. 5, 

(6.9) c([7],M) = - / K{vr + rA = -P{FM)m) + rA, 

where P: H}{g. a) Hom(7ri(G), a) is defined as in Proposition III. 4. Therefore the commutator 

map vanishes if and only if 

(6.10) P{FMi{GmMG))CTA. 

This means that for all smooth loops 7, 77: ^ G and H: G, (t, s) ^ l{t)T]{s) we have 

/ H*u^^ = p{FM)m)&'^A. 

In view of Proposition III. 4, Condition (6.10) is equivalent to 

(6.11) im(F^) C im(£)i) C H^g, a), 

i.e., that the image of the flux homomorphism consists of classes of integrable 1-cocycles. 
In Corollary VI. 5 we have seen that we have a homomorphism 

which factors through the (negative) flux homomorphism —F^:Tri{G) — *• H^{Q,a). The group 
7fi(G) is a smooth G-module which is abelian if and only ni{G) acts trivially, which in turn is 
(6.11). If this is the case, then 

-F^-.noiMG)) = MG) ^ H^{0,a) 

is the characteristic homomorphism of the smooth G-module 7fi(G) . In view of Lemma 1II.7, it 
vanishes if and only if the identity component 7fi(G)o = A has a G-invariant complement. 

In Example IX. 17 below we will see cases where the commutator map vanishes and the flux 
homomorphism F^:7ri{G) — > Hl{g,a) is non-zero. 

(b) With similar arguments as in Section IV, resp. Section 5 of [Ne02], we can deflne a toroidal 
period map by observing that the integration map 

p^r^:G~(T2,G)^a<=, [a] ^ [ u^^ 

J a 

is constant on the connected components and defines a map 

per3:^o(C°°(T2,G)) = ^i(G) x 7ri(G) x t,^{G) ^ a 

(cf. [MN03, Remark 1.11(b)], [Nc02, Th. A.3.7]). The restriction to -K^iG) , which corresponds to 
homotopy classes of maps vanishing on (T x {1}) U ({1} x T) , is the period map per^^: 7r2(G) a. 
The map 

7ri(G) X7ri(G) ^7ro(G~(T2,G)) 

is induced by the map 

(WJ'?]) '-^ [7*??] with (7*?7)(i,s) =7(t)77(s), 
and we have seen in Corollary VI. 5 that the commutator map 7ri(G) x 7ri(G) — > A is given by 

([7], W) ^Pcr3([7*^/]) + rA. 

Note that this map is biadditive and not a group homomorphism 7ri(G) © 7ri(G) A, which 
implies that perj is not a group homomorphism. The condition 

im(per;) C Ta 

means at the same time that Ha, C Ta and that the commutator map C is trivial. ■ 
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Remark VI. 9. If A = o/F^ , then o'' = is a closed subspace of o containing Ta ■ Therefore 

A/A'^ ^ b := a/a"^ 

is a locally convex space which carries a natural smooth G-module structure. Note that the 
quotient space b need not be sequentially complete if a has this property. Nevertheless the 
construction in Section V leads to a group cocycle / G Z'^{G,a/Ilu,) and since 11^^ is always 
contained in a*"^ (Lemma IV. 2), wc obtain a group cocycle 

A e Z2(G, b) with D/i = := 96 o w, 

where qt,:a^ b is the quotient map (Corollary V.3). This leads to a Lie group extension 

b^G^G 

with 5 = b £|. Note that 

b = a/a^^Bl{g,a)CZl{g,a), 

so that we may identify the quotient map Qf, with the coboundary map dg.a — > B^(0, o). This 
makes it easier to identify the corresponding flux cocycle. 

In Proposition X.4 we shall encounter examples of modules a with = {0} for which the 
flux cocycle is non-trivial (this is the case for the module J^i of Diff(§^)o). Therefore one cannot 
expect Ft^j, to vanish. ■ 



VII. An exact sequence for abelian Lie group extensions 

Let G be a connected Lie group and A a smooth G-modulc of the form A = a/TA, where 
Ta C a is a discrete subgroup. The main result of the present section is an exact sequence 
relating the group homomorphism 

D:H^{G,A)^HU9,a) 

to the exact Inflation- Restriction Sequence associated to the normal subgroup ni{G) = keiqc 
of G, where qc- G ^ G is the universal covering map (cf. Appendix D). The crucial information 
on im(_D) has already been obtained in Theorem VI. 7, so that it essentially remains to show 
that kerD coincides with the image of the connecting homomorphism 5: Hom(7ri(G), A*^) — > 
H^{G,A). 

In the following we shall always consider A as a G-module, where g & G acts on A by 
g.a := qG{g)-a, so that 7ri(G) acts trivially. 

Proposition VII. 1. Let G be a connected Lie group. For an abelian Lie group extension 

A ^ G — ^G the following conditions are equivalent: 

(1) There exists an open identity neighborhood U C G and a smooth section ajj-U —> G of q 
with au{xy) = (Ju{x)uu{y) for x,y,xy e U . 

(2) G = A X f G , where f G Zg{G,A) is constant on an identity neighborhood in G x G . 

(3) There exists a homomorphism 7:7ri(G) A"^ and an isomorphism $: {A x G)/T{'j) — > G 
with g(<i>([l, x])) = qcix) , x € G, where T{j) = {{j{d),d):d G 7ri(G)} is the graph of 7. 

Proof. (1) ^ (2) follows directly from the deflnitions and Proposition II. 6. 

(1) => (3): We may w.l.o.g. assume that U is connected, U = , and that there exists a 

smooth section a:U ^ G of the universal covering map qa ■ Then 

(TuoqG\^^^ya{U) G 
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extends uniquely to a smooth liomomorphism G — > G with Lpoa = ajj and qoip = ([Nc02, 
Lemma 2.1]; see also [HoMo98, Cor. A.2.26]). We define ip: Ax G ^ G, {a,g) a(p{g). Then tjj 
is a smooth group homomorphism which is a local diffeomorphism because 

tl){a,a{x)) = aip{a{x)) = aau{x) for xGU,a£A. 

We conclude that ip is a covering homomorphism. Moreover, ip is surjcctivc because its range is 
a subgroup of G containing A and mapped surjectively by q onto G. This proves that 

G^{A>^ G)/kerV, ker^ = {{-v{g), q)- 9 & ^''{A)}. 
On the other hand, (p~^{A) = ker(g o i^) = kerg'G = ni{G) , so that 

kerxp = {{j{d),d):deTTiiG)} = T{j) for 7 := -(^ |^^(g). 

(3) => (1) follows directly from the fact that the map A x G ^ G is a covering morphism. ■ 

For the following theorem we recall the definition of the period map pcr^. (Section IV) and 
the flux homomorphism Fi^:Tri{G) H^{g, a) associated to w G Zg{2, a) (Proposition VL3). 

Theorem VII. 2. Let G be a connected Lie group, A a smooth G -module of the form 
A = u/Ta, where Ta Q a is a discrete subgroup of the sequentially complete locally convex 
space a and qA'CL^ A the quotient map. The map 

P:Z2(0,a) ^Hom(7r2(G),A) xHom(7ri(G),i/,H0,a)), P{io) = {qA o pev^, F^) 

factors through a homomorphism 

P: H^{g, a) ^ Hom {n2{G), A) x Hom (7ri(G), H^{g, a)) , P(M) = {qa o per^, F^) 

and the following sequence is exact: 

Hi (G, A)^Hl (G, A)^H^ (G) ,Af ^ Hom (tti (G), ^1^) 

-^H^^{G,A)-^H',{g,a)-^iiom{7r2{G),A) x Bom {m{G), H^ig, a)) . 

Here the m,ap 5 assigns to a group hom,omorphism j:Tri{G) A^ the quotient of the semi-direct 
product A y\ G by the graph {{"/(d), d): d G 7ri(G)} of 7 which is a discrete central subgroup. 

Proof. First we verify that P vanishes on B'^{g,a), so that the map P is well-defined. In 
Theorem VI. 7 we have seen that [lo] e im(D) is equivalent to P{u>) =0. If [w] = 0, then 
a £1 — 1X0 and the semi-direct product A x G is a corresponding extension of G by A , 
so that Theorem VI. 7 leads to P{ui) =0. As P is a group homomorphism, it factors to a 
homomorphism P on H^{g,a). 

The exactness of the sequence in Hl{G,A), Hl{G,A) and IIom(7ri (G), ^'^) follows from 
Example D. 11(b) and the exactness in iJ^(g,o) from Theorem VI. 7. It therefore remains to 
verify the exactness in H^ (G, A) . 

First we need a more concrete interpretation of the map S in terms of abelian extensions. 
Let 7 G Hom(7ri(G), A*^) and / G Gj(G, A) as in Lemma D.7 applied with = 7ri(G) with 
f{gd) = f{g) -\- 7((i) for (/ G G, d G 7ri(G). Then the arguments in Remark D.IO show that the 
map _ _ 

^:Axd~fG^AxG, {a,g) ^ {a + f{g),g) 

G 

is a bijcctive group homomorphism. Since, in addition, $ is a local diffeomorphism, it also is an 
isomorphism of Lie groups, and therefore the cocycle S{f) := d^f G Z^{G,A) satisfies 

^Xi(/)G^ (^Xrf„/G)/({0}x7ri(G)) ^ (AxG)/$({0}x7ri(G)) ^ iAxG)/{{d,^{d)y.d e m{G)}. 
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Now the inchision im((5) C ker(£') follows from Proposition VII. 1 because for a cocycle / € 
Zg[G,A) vanishing in an identity neighborhood we clearly have Df = 0. 

Conversely, let / G Z'^{G,A) be a locally smooth group cocycle for which w := Df is a 
coboundary and let q: G = Ax fG ^ G he a corresponding Lie group extension (Proposition II. 6). 
Then the Lie algebra extension g = a (B^j 0^0 splits, and there exists a continuous projection 
Pa'-B ^ whose kernel is a closed subalgebra isomorphic to q . Considering pa as an element of 
C'c (fli > have 

{dgpa){x,y) = x.paiy) -y.pa{x) -Pa{[x,y]) =Pa{[x -Pa{x),pa{y) - y]) = 0, 

for x,y Gg, so that Pa € ZI(q, o) . Let gg: ^ G denote the universal covering group of G. 
Then the corresponding equivariant 1-form pa'^ on G* is closed (Lemma B.5), so that we find a 
smooth function 

G' ^ a with ip{l) = and d(fi = p^i, 

and Lemma III. 2 implies that (p G Zl{G, o) is a group cocycle. 

Using the local description of G, resp., G' by a 2 -cocycle, we see that the inclusion map 
j4o G of the identity component of A lifts to a Lie group morphism ria-a G" whose 
differential is the inclusion a 0. Since Pa\a = ido and the image of r/a acts trivially on a, the 
composition o t/q! a ^ a is a morphism of Lie groups whose differential is ido, which implies 
that (f o Tja = ida ■ Moreover, the cocycle condition implies that 

(7.1) (p{ag) = (p{a) + (p{g), a€r)a{a),g G G«. 

Let U C G be a connected open identity neighborhood on which there exists a smooth 
section a:U ^ G^ of the quotient map := qo q^: G^ ^ G. We then obtain another smooth 
map by 

ctiiC/^G", X T]a{(p{(7{x)y^)a{x). 

In view of (7.1), this map is also a section of . Moreover, im(ai) C (p~^{0). 

Prom the description of G with the cocycle / it follows that there exists an open 1- 
neighborhood in G" of the form 

:= Va{Ua)'7i{U), 

where [/(, C a is an open 0-neighborhood. Restricting ip to , we see that <ti{U) = ip~^{0)nUK 
Since (p^^{0) is a subgroup of G" , we have 

{(Ti{U)ai{U)) nU^ C ai{U). 

Let F C LT be an open symmetric 1 -neighborhood in G such that there exists a smooth 

section ay'-V ~> G oi the imiversal covering map qc-G G and, in addition, VV C U 
and ai{V)ai{V) C uK For x,y G V we then have xy G U , and ai{x)ai{y) € implies the 
existence oi z & U with ai {z) = <j\ {x)(j\ (y) . Applying g" to both sides leads to 

z = q^ai{z) = q\ai{x)ai{y)) = xy. 

We therefore have 

ai{xy) = ai{x)ai{y) for x,yeV. 

Hence there exists a unique group homomorphism /: G ^ G' with f o ay = ([HoMo98, Cor. 
A. 2. 26]). Composing / with the covering map gg: G" G, we obtain a smooth homomorphism 

f:G ^ G with qo f = qg. In view of Proposition VII. 1, this implies that G is isomorphic to a 
group of the type (^4 x G)/r(7), where 7:7ri(G) — > A'^ is a group homomorphism. ■ 

Since the fundamental group 7ri(G) vanishes, we obtain in particular: 
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Corollary VII.3. The map D:H'^{G,A) —^ H'^{0,a) is injective. m 

In view of Corollary VII.3, we may identify Hg{G,A) with a subgroup of H^{Q,a). The 
infiation map 

I: H^{G, A) H'^{G, A) satisfies D o I = D: H'^{G, A) H^{g, a). 

Remark VII. 4. At first sight, the following argument seems to be more natural to prove that 
keiD C im^: If the group G is regular (cf. [Mil83]), then the Lie algebra morphism (t:0 — > fl 
whose existence is guaranteed by [Df] = can be integrated to a Lie group morphism G G, 
and we can argue as above. Unfortunately this argument requires the regularity of the group G, 
which is not needed for the argument given above. ■ 



VIII. Abelian extensions with smooth global sections 

In this subsection we discuss the existence of a smooth cross section for an abelian Lie group 
extension A ^ G ^ G which is equivalent to the existence of a smooth global cocycle 
f:GxG^A with G = G x f A. Moreover, we will show that for simply connected groups, it 
is equivalent to the exactness of the equivariant 2 -form iv'^^ on G, where iv = Df . 
The following lemma will be helpful in the proof of Proposition VIII. 2. 

Lemma VIII. 1. Let G be a connected Lie group, A a smooth G-module and f G Zg{G,A) 
such that all functions fg-G A,x f{g,x) are smooth. Then f:G x G ^ A is a smooth 

function. 

Proof. We write the cocycle condition as 

f{xy, z) = f{x, yz) + pA{x).f{y, z) - f{x, y), x,y,zG G. 

For X fixed, this function is smooth as a function of the pair {y, z) in a neighborhood of (1, 1) . 

This implies that / is smooth on a neighborhood of the points (.x, 1) , x E G. Fixing x and z 
shows that there exists a 1 -neighborhood F C G (independent of x) such that the functions 
f{-,z), z e V , are smooth in a neighborhood of x. Since x & G was arbitrary, we conclude that 
the functions f{-,z), z gV , are smooth. Now 

/(•, yz) = fi-y, z) - PA{-).f{y, z) + /(•, y) 

shows that the same holds for the functions f{-,u), u G . Iterating this process, using 
G = UneN ' ^® derive that all functions /(•, x), x G G, are smooth. Finally we see that the 
function 

{x,y) 1-^ f{x,yz) = f(xy,z) - pA{x).f{y,z) + f{x,y) 

is smooth in a neighborhood of each point (xq, 1) , hence that / is smooth in each point (xq, zq) , 
and this proves that / is smooth on G x G . ■ 

Proposition VIII. 2. Let G be a connected Lie group, a a sequentially complete locally convex 
smooth G-module, u) e Z^{g,a) a continuous 2 -cocycle, and w'^i € fl^{G,a) the corresponding 

equivariant 2 -form on G with We assume that 

(1) Lu'^'i = de for some e n\G, a) and 

(2) for each g G G the closed 1-form X*0 — pa{g) oO is exact. 

Then the product manifold G := ax G carries a Lie group structure which is given by a smooth 
2-cocycle f € Zg{G,a) with D[f] = [w] via 



{a,g){a',g') := {a + g.a' + f{g,g'),gg'). 
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Proof. For each g G G the relation Pa{g) o w®** = X*u)^^ implies 

d{Pa{g) o - X;e) = p,{g) o - X^oj'^^ = 0. 
In view of (2), for each g & G there exists a smooth function fg-.G ^ a with = and 

dfg = xie-p^{g)oe. 

Observe that /i = . For g,h G G this leads to 

dfgh = x;^e - paigh) o e = x^x^e - p,{g) o e) + x*Mg) o e) - p,{gh) o e 

= Xldfg + Pa{g){Xie - pa{h) o e) = Xldfg + pM ° dh = d{fg o a,, + p^ig) o fh). 
Comparing values of both functions in 1 , we get 

(8.1) fah = faoXh + Pa{g)oh- fM- 

Now we define /: G x G — > a by f{x, y) := fx{y) ■ Then (8.1) means that 

f{gh, u) = f{g, hu) + Pa{g).f{h, u) - f{g, h), g,h,uG G, 

i.e., / is a group cocycle. 

Moreover, the concrete local formula for in the Poincare Lemma ([Ne02, Lemma 3.3]) 
and the smooth dependence of the integral on x imply that / is smooth on a neighborhood of 
(1,1), so that Lemma VIII.l implies that /: G x G ^ a is a smooth function. We therefore 
obtain on the space G := a x G a Lie group structure with the multiplication given by 

(a, g){a', g') := {a + g.a' + f{g, g'),gg') 

(Lemma II. 1), and Lemma II. 7 implies that the corresponding Lie bracket is given by 

[(a, x), (a', x')] = {x.a' - x' .a + d^f{l, l){x, x') - dV(l, l)(a;', x), [x, x']) . 

Now we relate this formula to the Lie algebra cocycle u! . The relation dfg = X*9 — pa{g)o0 
leads to 

df{g, l)(0,y) = dfg{l)y = {X;e - p,{g) o e)i{y) = {e,yi){g) - p.{g)My), 

where yi denotes the left invariant vector field with y;(l) = y. Taking second derivatives, we 
further obtain for a; e fl : 

d^f{l,l){x,y) 

= xi{{e,yi)){l)-xMy) = {de){xi,yi){l)+yi{{0,xi)){l)+0{[xi,yi]){l)-xMy) 
= uj{x,y) + yi{{e,xi)){l) + 6^{[x,y]) - xMy), 

Subtracting d'^f{l,l){y,x) = yi{{9, xi)){l) — y.9i{x), leads to 

{Df){x,y) =u!{x,y) +0i{[x,y]) - x.0i{y) +y.9i{x) =Lv{x,y) - {d0i){x,y). 

Since this cocycle is equivalent to u , the assertion follows. ■ 

Corollary VIII. 3. // G is simply connected and lo"^ is exact, then there exists a smooth 

cocycle /: G x G — > a with D[f] = [u] , so that G := a X/ G is a Lie group with Lie algebra 
S = 00, £1 . 

Proof. Since 7ri(G) is trivial, condition (2) in Proposition VIII.2 is automatically satisfied. ■ 

For central extensions of finite-dimensional groups, the construction described in Proposi- 
tion VIII.2 is duo to E. Cartan, who used it to construct a central extension of a simply connected 
finite-dimensional Lie group G by the group a. Since in this case 

i7dR(G, a) ^ Hom(7r2(G), o) = and F^r^G, a) ^ Hom(7ri(G), a) = 0, 

(cf. [God71]), the requirements of the construction are satisfied for every Lie algebra cocycle 
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Proposition VIII. 4. // G is a connected Lie group which is sm,oofMy paracompact, then the 
conclusion of Proposition VIII. 2 remains valid under the assumptions: 

(1) cj'^i is an exact 2 -form, and 

(2) F^ = 0. 

Proof. In view of (1), we can apply Proposition VIII. 2 to the universal covering group 
QG-G ^ G of G, which leads to an o -extension 

where / e Zl{G, a) is a smooth cocyclc with D\f] = [ui] . In view of Corollary VI. 5, the vanishing 
of implies the existence of a homomorphism 7: 7ri(G) Z{G^) with o 7 = id^j((5) . Then 
im(7) is a discrete central subgroup of G" , so that G := G"/ im(7) is a Lie group, and we obtain 
an a-extension of G by 

q:G^G, g im{'y) qo o q'^ (g) . 

As G is a principal -bundle over G, its fibers are affine spaces whose translation group is a. 

If G is smoothly paracompact, wc can therefore use a smooth partition of unity subordinated 
to a trivializing open cover of the a -bundle G ^ G to patch smooth local sections together to a 
global smooth section a:G ^ G. Then the map 

aXf^G ^G, {a, g) ^ aa{g) 

is an isomorphism of Lie groups, where fa € Z^{G,a), {g,g') <^{9)<^{g')<^{gg')~^ is a globally 
smooth cocycle. ■ 

Remark VIII. 5. Let G be a connected Lie group and A a smooth G-module of the form 
a/TA- Let Z'^g{G,A) denote the group of smooth 2-cocycles G x G ^ A and B'^g{G,A) C 
Zg,(G, A) the cocyclcs of the form dc/i, where h £ C°°{G,A) is a smooth function with 
h{\) = 0. Then one can show that we have an injection 

Hl{G,A) := Zl{G,A)/Bl{G,A) ^ H^{G,A), 

the space Hgg{G,A) classifies those ^-extensions of G with a smooth global section, and we 
have an exact sequence 

Hom(7ri(G), a'')^Hl{G, A)^H^,{g, a)^^H^^{G, a) x Hom (7ri(G), Hl{g, a)), 

where -P([w]) = {[ui'^^],Fu:). The proof is an easy adaptation from the corresponding arguments 
for central extensions in Section 8 of [Ne02]. ■ 



IX. Applications to diffeomorphism groups 

In the present section we apply the general results of this paper to diffeomorphism groups of 

a compact manifold M . In this case the Lie algebra is the Frccht Lie algebra V{M) of smooth 
vector fields on M and we obtain interesting Lie algebra 2-cocycles with values in the space 
C°°{M, V) of smooth F -valued functions from closed F -valued 2 -forms on M. In this case the 
period map and the flux cocyclc can be made more concrete in geometric terms which makes 
it possible to evaluate the obstructions to the existence of abelian extensions in many concrete 
examples. 
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Definition IX. 1. Let M be a compact manifold. 

(a) We write DifF(M) for the group of all diffeomorphisms of M and V(M) for the Lie algebra of 
smooth vector fields on M , i.e., the set of all smooth maps X: M — » TM with tttm oX = idjvf , 
where tttm- TM M is the bundle projection of the tangent bundle. We define the Lie algebra 
structure on V(Af) in such a way that [X,Y].f = X.{Y.f) - Y.{X.f) holds for X,Y G V(M) 
and / G C°°(M,R). 

Then Diff(M) is a Lie group whose Lie algebra is V(M)°p (the same space with the 
apposite bracket {X, F) i— » — [X, Y] ) and we have a smooth exponential function 

exp: V(M) ^ Difr(M) 

given by exp(X) = where G Diff(M) is the flow of the vector field X at time t 
([KM97]). 

The tangent bundle of Diff(M) can be identified with the set 

r(Difr(M)) := {X e C'^{M,TM):wtm ° X € Diff(M)}, 

where the map 

tt: T(Diff (M)) ^ Diff (M), X ^ tttm ° X 

is the bundle projection. Then T^(Diff(M)) := ■K~^{ip) is the fiber over the diffeomorphism ip. 

In view of the natural action of Diff(M) on TM given by 'il).v := T{'ip).v, we obtain natural 
left and right actions of Diff (M) on T(Diff(M)) by 

{ip.X){x) =(p{x).X{x), X.if:=Xoip. 

Then 

TTTM o {'{'■X) = ipo (tttm ° X) and tttm o [X oip) = {tttm o X) oip, 

so that the left, resp., right action of Diff(M) on T(Difi^(Af)) covers the left, rcsp., right 
multiplication action of the group Diff(M) on itself. In the following we shall mostly consider 
the opposite group Diff (M)°p whose Lie algebra is V(M) . The adjoint action of this group is 
given by 

Ad: Diff(M)°P x V(M) ^ V(M), {<p, X) h^- ip-K(X o ip) = lp-^.{X.^p). 

(b) Let J C M be an interval and (p: J ^ Diff(M)°P be a smooth curve. Then for each t € J 
we obtain a vector field 

called the right logarithmic derivative of ip in t. We likewise define the left logarithmic derivative 
by 

d'{^){t):=cp'{t)o^{t)-K m 

Definition IX. 2. Let M be a compact smooth manifold and g V(M) the Lie algebra 
of smooth vector fields on M. If y is Frechet space and o := C^{M, V) the space of smooth 
F-valued functions on M, then (X.f)(p) := df{p)X{p) turns {M,V) into a topological 
V(M) -module. Wc observe that C°°{M,V) and V(M) are Frechet modules of the Frechet 
algebra R := C°°(M,R). 

In the Lie algebra complex (C^(g, o), dg)pgNQ formed by the continuous alternating maps 
a, we have the subcomplcx given by the subspaces C^{Q,a) C C^(0,a) consisting of R- 
multilinear maps ^ a. Using partitions of unity, it is easy to see that the elements of ^^{q, a) 
can be identified with smooth F-valucd p-forms, so that C^{g,a) ^ nf{M,V) ([Hel78]), and 
the de Rham differential coincides with the Lie algebra differential dg to C^{q, a) . 

We thus obtain natural maps Z'^^{M, V) ->■ ZP{g, a) and jp-. H^ji^{M, V) Hp{q, a). ■ 



Lemma IX.3. // M is connected, then V ^ C°°(M, y)^^^-^) = consists of the constant 
functions M — > y . ■ 
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Lemma IX. 4. The map ji: H^^{M,V) — > H^{g,a) is injective. 

Proof. Let a G n^{M,V) be a closed V-valued 1-form on M. If ji([Q:]) = 0, then there 
exists an element / G a = C°°{M,V) with a = dgf , which means that a = df . Hence a is 
exact and therefore ji is injective. ■ 

Lemma VLl in [MN03] implies that we have a smooth action of the group G := Diff (M)g^ 
on by ip.f := f oip. The derived action of V(M) on this space is given by 



(X/)b) = | 



/(exp(tX).p) = dfip)X{p) 



which is compatible with Definition IX. 2. We view each smooth F-valued 2-form cum G 

il'^(M,V) as an clement ojg E C^(g,a). In the following we shall obtain some information 
on the period map and the flux homomorphism 

per^: 7r2(Diff(M)) = V and F^: tti (Diff(M)) ^ H}{g, o) 

which makes it possible to verify the integrability criteria from Sections VI and VII in many 
special cases. 



More on the period group 

The following proposition is very helpful in verifying the discreteness of the image of the 
period map for the group G := DiS^(M)g'^. In the following we write {m,g) i-^ g{m) for the 
canonical right action of G on M . 

Proposition IX. 5. Let um S Z^^{M,V) be a closed V-valued 2-form on M , ctiS^ — > G = 
Difr(M)oP smooth and m € M . Then 

where rjm'-G M,g i— > g{m) . In particular the period group H^j^ = im(perj^^) is contained in 
the group /^^(m)'^^ of spherical periods of um ■ 

Proof. Since consists of constant functions M — > F, it suflaces to calculate the value of 
Pera,,(M) e C°°(M, V) in the point m. 
We claim that 



cq 



(9.1) Vrn'^M = CV-m OUJ^ , 

where eVm'C°°{M,V) — » ^ is the evaluation in m. First we note that for <? e G we have 
rim°^g= Vg{m)- Further 



dVm{l){X) = I 



exp(tX).m = X{m) for X G V(M). 



For g eG and vector fields X.Y e g = V(M) this leads to 

{Vrn^M)ig-X,g.Y) 

= uJM{g{m)){dr]rn{g)d\g{l).X, drim{g)d\g{l).Y) 
= <^Mi9{m)){d{r],n o Xg){l).X,d{f]jn o Xg){l).Y) 
= WM(5(w))((i77g(„)(l).X,d?7g(„)(l).y) 

= cuM{g{m)){X{g{m)),Yigim))) = (^.^(X, F))) (m) = {evm owl^){g.X, g.Y). 
This proves (9.1). We now obtain 

Pera,g(M)(H = h^l"^ = / eym°i^l'^= / Vrn'^M = (^M- I 

We immediately derive the following sufficient criterion for the discreteness of im(per^^ ) . 
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Corollary IX.6. If the subgroup j^^(M)'^M ■= {J^ujm-o- € C°°(S^,M)} C V of spherical 
periods of um is discrete, then the image of per^^^ is discrete. ■ 

Example IX. 7. (1) The preceding corollary applies in particular to all manifolds M for which 
TT2{M)/ tor(7r2(M)) is a cyclic group. In fact, for each torsion clement [ct] e tt2{M) we have 
f^M = 0, so that /^^(M) is the image of the cyclic group tt2{M)/ tor(7r2(M)) , hence cyclic 
and therefore discrete. 

Examples of such manifolds are spheres and tori: 

7r2(S'^)-{W f°'^;J^2 772(1'^) - 7r2(M^^) = {0}, dGN. 

£i tor a = 2 

The only compact connected manifolds M with dimAf < 2 and tt2{M) non-trivial are 
the 2-sphere §^ and the real projective plane P2(R). This follows from tt2{M) = tt2{M) for 
the universal covering M ^ M and the fact that a simply connected 2 -dimensional manifold is 
diffeomorphic to or M? . Further all orientable 3 -manifolds which are irreducible in the sense 
of Kncscr have trivial 7r2 . In particular the complement of a knot K C has trivial 772 (cf. 
[Mil03, p. 1228]). 
(2) For M = we have 

7r2(Diff(M)) ^ 7r2(S03(IR)) = {1} and 7r2(S2) ^ Z. 

If lum £ ^dpC^^'^) i^ the closed 2 -form with Jj^^i^m = 1, we have J^^f^j^s^u)M = Z which is 
larger than II;^^ = im(perj^^ ) = {0} . ■ 

Problem IX. Find an example of a closed 2 -form w for which the group H^j^ = iiii(per^^ ) is 
discrete and um is not. ■ 



The flux cocycle 

We continue with the setting where M is a compact manifold and G = Diff(M)QP is the 
identity component of its diffeomorphism group endowed with the opposite multiplication. For 

any Frechct space V the space n^(M, V) is a smooth G-module with respect to {ip,l3) ^ 'P*P- 
To verify the smoothness of this action, we can think of Q^{M,V) as a closed subspace of 
C'^{TM, V) and observe that Diff(M) acts smoothly on TM, so that Lemma VI. 1 in [MN03] 
applies. The corresponding derived module of g = V(M) is given by {X,0) Cx-P, where 
Cx = d o ix + ix ° d denotes the Lie derivative. The subspace dC°°{M, V) of exact 1 -forms is 
a closed subspace because 

(9.2) dC°°{M,V) = \^l3Gfl\M,V):{y^eC°°{S\M)) J = ^} 

and the linear maps (M, V) V,P J^P are continuous. We can therefore form the quotient 
module 

Hl^{M, V) := n\M, V)/dC^{M, V) 
containing Hl^{M, V) = Zl^{M, V)/dC°°{M, V) as a closed subspace. 

Lemma IX. 8. For each closed V -valued 2 -form uj € fl^{M,V) the continuous linear map 

V(M) ^ HIj,{M, V), X ^ [ixu] 

is a Lie algebra 1 -cocycle. 
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Proof. For X,Y £ V(M) we use the formulas i[x,Y] = [^Xjiy] and Cx = ix ° d + doix to 
obtain 

= jC-xiy^ — iyi^x^^ = dixiy^ + ixd{iY<^) — iyidix^ + ixd^) 

= dixiyoJ + ixd{iyu)) — iyidixi^)- 
In view of [Z^x^rw] = [dixiyco + ixdiyiv] = [ixdiyi^] in H^^{M, V) , this means that 

U[X,Y])=X.UY)-Y.U{X), 
i.e., fi^ is a cocycle. ■ 

Definition IX. 9. Let qc- G ^ G denote the universal covering morphism of G = Diff (M)q'' 

and define the G-action on G°°(Af,l/), n'^{M,V), Hl^{M,V) etc. by pulling it back with qc 
to G. Then Proposition III.4 implies that there exists a smooth 1 -cocycle 

F^:G^HljiiM,V)=n\M,V)/dC°°{M,V) with dF^(l) = 

This cocycle is called the flux cocycle corresponding to u . Its differential dF^^ coincides with the 
equivariant 1-form f^'^. m 

Remark IX. 10. (a) li g € G and 7: [0, 1] ^ G is a picccwise smooth curve with 7(0) = 1 
and 7(1) = g, then 7 is the unique lift of ■'j := qc ° 1- [0, 1] G. The value of the flux cocycle 
in g is determined by 

F^{g) = f dF^mm'{t))dt= f\omw'{t))dt 

Jo Jo 

= [\{t).um-'-nt))dt= f\{t).ui{t)-\^'{t))dt 

Jo Jo 

= / i{t).u5\i){t))dt= [ Yi{tr .isi^^)^t)Lo]dt 

Jo Jo 



[\isri^)itMtroj)]dtGHUM,V). 
Jo 



Here we have used the relation (p*{ixu>) = iAdi<^^).x{'P*^) for f G Diff(M)°P . 

(b) For the special case when the curve 7: [0, 1] — > Diff(M) has values in the subgroup 

Sp{M,oj) := {if e Diff(M):<^*a; = w}, 

all vector fields 5\'y){t) are contained in the Lie algebra 

sp{M,w) := {X G V{M):Cx.co = 0} 

([NV03, Lemma 1.4]). For Cx(^ = wc have d{ix'jj) = Cx^ = 0, so that all 1-forms ixw 
are closed. This in turn implies that for each ip G Diff(Af)o the 1-form ip*ix'^ — ix<jJ is exact 
([NV03, Lemma 1.3]). For the flux cocycle this leads to the simpler formula 



Fo;{9) = ( [i5^{^)(t)^]dt. 
Jo 



Hence F^{g) is the flux associated to the curve 7: [0, 1] Sp(M, w) in the context of symplectic 

geometry [MDS98]. 

(c) If the closed form u is exact, uj — dO , then 

Ux) = [ixoj] = [ixde] = [Cxe] = x.[e] 

in H^^{M, V) implies that is a coboundary. Hence it integrates to a group cocycle given by 

F^: Diff(M)°P ^ Hl^{,M, V), if ^ [ip*e - 9]. m 

On the space (M, V) the integration maps Hl^{M, V) V, [/3] >-> /3 for a £ 
G°°(§\M) separate points (cf. (9.2)), so that the element F^{g) € H^^{M,V) is determined 
by the integrals Fij{g) which are evaluated in the proposition below. 
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Proposition IX.ll. For a G C°°(§\M) and a smooth curve 7: [0, 1] ^ G = BiS{M)Q^ 

with 7(0) = idM we consider the smooth map 



Let 7: [0, 1] ^ G be the smooth lift with 7(0) = 1 . Then the value of the flux cocycle in 7(1) is 

determined by the integrals 



H:S^ x[0,l]^ M, {t,s)^-f{t){a{s)). 
ith 7(0) = 1 . Then tl 

[ F„(7(l)) = [ iv. 
-{t, s) = j'mais)) = 7'(i) o 7(t)-^ o 7(i)(a(s)) = S^-ymm, s)) 



Proof. First we note that 
dH , 
'dt 

and ^{t,s) = 'y{t).a'{s). We therefore obtain with Remark IX. 10(a) the formula 
/ F,(7(l))= / [\j{trAsi^^^^,)Oj]dt 

J a J a. JO 

= 11 ^7(0-(^)('5'(7)W(7W-a(s)),7W-a'(.'*))c;ifis 



H*uj — uj. 
[o,i]2 Jh 

m 

The preceding proposition justifies the term 'flux cocycle' because it says that / ^1^(7(1)) 
measures the 'w -surface area' of the surface obtained by moving the loop a by the curve 7 in 
Diff (M) . 

Corollary IX.12. If 7(1) = 7(0) = idM, then F^{j{l)) e H^^{M,V), and we obtain a 
homomorphism 

Fui |7ri(Diff(M)): TTl 

Proof. We keep the notation from Proposition IX.ll. If the curve 7 in Diff(M) is closed 
and 7 is the corresponding map — > Diff (M) , then H induces a continuous map H: — > 
M, (i, s) !-»■ ^{t).a{s) and 

/ F^(7(l))= ! oj= iu = H*[uj]€H\T\V)^V. 
Ja Jh Jh 

As homotopic curves ai and a2 lead to homotopic maps H\, H2'f'^ ^ M , we obtain 



/ F^(7(l)) = / F„(7(l)) 



whenever a\ and 011 are homotopic, and this implies that F^{^(\y) G H\^(M, y). 

That the restriction of F^ to 7ri(Diff(M)) is a homomorphism follows from the cocycle 
property of F^ and the fact that 7ri(Diff (M)) = kergc acts trivially on H\^{M^ . m 

Let ujm € fl'^{M,V) be a closed 2 -form and identify it with a Lie algebra 2 -cocycle 
Wq G Z^{g, 0) for £1 = V(M) and a = C°°{M, V) . Next we show that the flux cocycle 

F^^:G ^ Hl{Q,a) 

coincides with flux cocycle F^^ from Definition IX. 9. For that we recall from Lemma IX. 4 that 
we can view H\^{M, V) as a subspace of H^{q, 0) because BKq, a) = dC°°{M, V) , which leads 
to an embedding 

H'^^iM, V) ^ HliQ, a) := GliQ, a)/Bl{Q, a). 
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Lemma IX. 13. For a closed 2 -form lum S Q^{M,V) we have 

F^, =F^,:G-^ Hl^{M, V) C hI{q, a). 

Proof. Wc parametrize S"'^ = K/Z by the unit interval [0, 1] . Then we have for any smooth 
curve 7: [0, 1] ^ G = Diff (M)oP starting in 1 and X G f| = V(M) : 

I,{X):= [ tx.u^l^^ f u:l%X^(t),i{t))dt 
Jo 

= f ^{t).uj^{M{^{t))-\X, ^{t)-W{t)) dt 
Jo 

= [ j{t).toM{imxoj{t)-'),s'{j){t))dt 

Jo 

= [ UM{l{t).iX o^{t)-'),5'{^)it)) o^{t)dt. 
Jo 

From this formula it is easy to see that G Lin(0, a) defines a 1-form on M whose value in 
V e Tp{M) is given by 

Jo 

This means that 

'y{t)*{isi(j)(t)^M) dt, 
which, in view of Remark IX. 10, implies that 

Fc.,m)) = [-^7] = ^-«(7(l)) e HIr{M,V) C ifi(0,a). 
The remaining assertions now follow from Corollary IX. 12. ■ 

Corollary IX. 14. Fu{7ri{G)) vanishes if and only if for each smooth loop a:S^ ^ M and each 
smooth loop 7:S^ —>■ Difr(M) we have Jj^u = for the map H:T'^ — > M,H{t,s) = ^{t).a{s). m 

The condition in the preceding corollary is in particular satisfied if the set of homotopy 
classes of based maps — > M or at least the corresponding homology classes in H2 (M) are 
trivial. 

Remark IX. 15. It is interesting to observe that the discreteness of the period map for oj G 
ft'^{M,V) leads to a condition on the group of spherical cycles, i.e., the imago of 7r2(M) in 
H2{M) , and the vanishing of Fi^{tti{G)) leads to a condition on the larger subgroup of H2{M) 
generated by the cycles coming from maps ^ M . That the latter group contains the former 
follows from the existence of a map — »• inducing an isomorphism 7?2(T^) ^ i?2(S^) • ■ 



Examples 

Example IX. 16. Let 3 be a Frechet space, C 3 a discrete subgroup, Z := i/Tz and 
qz'-i Z the quotient map, which can also be considered as the exponential map of the Lie 
group Z . 

Further let q:P—^M be a smooth Z-principal bundle over the compact manifold M, 
6 G Q}{P,i) a principal connection 1-form and w G f2^(M,3) the corresponding curvature, i.e.. 
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q*uj = -de. Wc call a vector field X e V{P) horizontal if e{X) = 0. Write V(P)^ for the Lie 
algebra of Z -invariant vector fields on P. Then we have an isomorphism 

a: V(M) ^ V(P)L := {X £ V(P)^: = 0} 

which is uniquely determined by q*a{X) = X for X € V(M). For two horizontal vector fields 

X,Y on P we then have 

{q*u;){X, Y) = -d0{X, Y) = Y.e{X) - X.e{Y) - 0{[Y, X]) = 0{[X, Y]). 
This means that 

(9.3) Lu{X. Y) = {q*u){a{X), a{Y)) = e{[a{X), a{Y)\) = e{[a{X),a{Y)\ - a{[X, Y])) 
can be viewed as the cocycle of the abelian extension 

:= fiau(P) ^ C~ (M, 3) g := V{Pf ^ fl = V(M) 

with respect to the section cr: g ^ g . 

On the group level we find that the inverse image G of G = T)\S.{M)'^ in Aut(P)°P is an 
extension of G by the abelian gauge group A := Gau(P) = C°°{M, Z) and we have already seen 
above that its Lie algebra is g = o ©^^ g . 

The exponential function of the abelian Lie group A is given by 

exp^:a=G°°(M,3) ^G°°(M,Z), ^ ^ qz o ^. 
Its image is the identity component Aq oi A. The characteristic map 

Oa: M^) ^ HliQ, a), [/] ^ [D{dGf)] 
considered in Proposition VL4 can be made more explicit by observing that 

idGm9)=9.f-f = fo9-f, 

so that 

D{dG.f){X)=X.f={df,X) 

(cf. Definition A. 2). This means that Didcf) can be identified with the 1-form df G H^^{M, 3) C 
HI{q, a) . Therefore the homomorphism 6 a'- 7ro(A) — > H^{q, a) from Proposition VL4 is obtained 
by factorization of the map 

A = G°°(M, Z) ^ FiR(M,3), / ^ [df] 
whose kernel is the identity component Aq = qzo C°° (M, 3) of A to the injective homomorphism 

7ro(^) ^ G°°(M, Z)/qz o C^{M,i) ^ HUm,$), [/] ^ [df]. 
According to [Ne02, Prop. 3.9], its image consists of the subspace 

H^n{M,rz) {[a] 6 H^RiM,^): (V7 £ G°°(S\M)) j^a e Tz}, 

so that 

9a: M^) ^ H^niM, Tz), [/] ^ [df] 

is an isomorphism. 

In view of Proposition VI. 3, the flux homomorphism satisfies F,^ = —6a ° 5, where 

i5:7ri(G) t^g{A) is the connecting homomorphism corresponding to the long exact homotopy 
sequence of the A-bundle G ^ G. As 6*^ is an isomorphism, F^j is essentially the same as 5 , 
and we can view it as a homomorphism 

P„:7ri(G) ^ Hl^{M,Vz) C Hl^{M,i). 

Note that we cannot expect Pa;(7ri(G)) to vanish because the abehan extension A G — »■ 
G is not an extension by a connected group. ■ 
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Example IX. 17. (a) Wo consider the special case where the manifold M is a torus: M = T = 
i/T-T , where t is a finite-dimensional vector space and Tt C I is a discrete subgroup for which 
t/r^ is compact. 

Then the group T acts by multiplication maps on itself, and we obtain a homomorphism 
T ^ G = Diff(M)Q^ which induces a homomorphism 

77T:7ri(T) ^7ri(G). 

Let Wt € f2^(T,3) be an invariant 3-valued 2-form on T and w = fii G Z^(t,3) . Then ut 
is closed because T is abelian. If ei, . . . , e„ is an integral basis of Tt , then the maps 

T^-^T, {t,s)^tei + sej+TT, i<j 

lead to an integral basis of H2{T) = z( 2 ) ^ so that the period group of ujt is 

r^; := spauz w(ei, Sj) = span^ ujiJ^T, Tt) C 3. 

We assume that C 3 is a discrete subgroup with 

'^{Tt,Tt)^Tz 

and put Z := l/Tz ■ 

In view of 772 (T) = {0}, we have per^^ = by Proposition IX.5. Next we are making the 

map 

o r]T: MT) = Tt ^ H^^iT, Tz) ^ Hom(rT, Tz) 

more explicit. For x,y €Tt and the corresponding loops jx{t) = tx + Tt and jy{t) — ty + Tt 
in T we have for 

H: T2 ^ T, {t, s) ^ j4t) + jy{s) = [tx + sy] 

the formula 

/ F^iilx]) = / oj = aj{x,y) 

(Proposition IX. 11, Lemma IX. 13). This means that or}T'-'Ki{T) — > Hom(7ri(T),Fz) can be 
identified with the map x ^ i^u! . 

If cj 7^ , then Fi^{tti{G)) ^ {0} , which means that there is no abelian extension A ^ T —>■ 
T with a connected abelian group A of the form a/F^ for a = C°°{T,^). Another reason for 
this is that any such extension would be central, but all central extensions of tori by connected 
Lie groups are flat in the sense that their Lie algebra cocycle vanishes (cf. [Ne02]). 

On the other hand, the existence of a Z-bundle over T with curvature u implies the 
existence of an abelian extension 

A:= C°°{T,Z) ^T, 

where T acts on A by {t.f)(x) = f{x + 1) (cf. Example IX. 16). The corresponding Lie algebra 
cocycle u e Z'^{i,C°°{T,i)) is given by {x,y) w{x,y) G 3 whose values lie in 3 = a^^. 
(b) Let t be a locally convex space, F^ C t a discrete subgroup and consider the connected 
abelian Lie group T := t/F^- Let further 3 be a sequentially complete locally convex space, 
Fz C 3 be a discrete subgroup and Z := l/Tz, considered as a trivial T-module. We fix an 
alternating continuous map lo e Z^{i,^) and define Wz € Zg{i,Z) by fz ■= qz ° ^i^, where 
Qz'-i ^ Z is the quotient map. 

Let H := Z x i denote the corresponding central extension of t by Then := 
Z X Tt is a normal subgroup of H because all commutators lie in Z . Since H/Z^ = I/Tt = T , 
we can think of H as an extension 
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Since Z is divisible and Yi diserete, the central extension Z ^ ^ is trivial if and 
only if it is an abelian group, which means that its commutator map Vt x Vt — * Z vanishes. 
The commutator map is given by 

{z,t){z\t'){z,t)-\z' ,t')-^ = {fz{t,t'),t + t'){fz{t',t),t + t')-' 

= ifz{t,t')-fz{t',t),0) = {2fz{t,t'),0) = {qz{Loit,t')),0). 

Therefore is a trivial extension of Tt if and only if 

(9.4) u{rT,rT)crz. 

The condition for the extistence of a Z -bundle P with curvature cot is also given by 

(9.4) . The necessity of this condition in the infinite-dimensional case can be seen by restricting to 
two-dimensional subtori. If (9.4) is satisfied, then we can view Ft as a subgroup of because 
there exists a homomorphism a: Tt — > splitting the extension — » Ft • Now we form the 
homogeneous space P := H/aiTr) which defines a Z -bundle 

Z ^P = H/a{TT) -» T ^ H/Z^. 

As Z is central in H , the left action of H on P induces a homomorphism 

H -> Aut(P) = Diff (P)^ 

restricting to a homomorphism 

jz-.Z^^Zx Ft ^ Gau(P) ^ C°°(r, Z), 
where the elements of Z correspond to constant functions. The group Ft acts on P by 

x-{qz{z), y) = {qz{z + ^oj{x, y)), y) = {qz{z), y)-fz{x, y), 

so that 

jz{z,x){y + TT) =z + fz{x,y). 
If (j{TT,i) ^ {0}, then the map 

F^-.TTiiT) ^ Ft Hl{t,i) = Lin(t,3), F^{x){y) = u;{y,x) 

docs not vanish, but if w(Ft, Ft) C Tz , then the extension Z ^ Z^ ^ Ft is trivial. Therefore 
the natural sequence 

(9.5) H^{T, Z) ^ H',{f, Z) ^ Hl{i,i) ^ H\Tt, Z) 

is not exact in H'^{f, Z) (cf. Theorem VII.2). 
Identifying 

H\^{T,Tz) - dC^{T,Z)/dC^{T,i) C Hl^{T,i) 
with a subspace of Hl{i, a) (cf. Lemma IX. 4), we can view F^^ as a map 



7ri(T) ^ Hl^{T,Tz) Hom(7ri(T), Fz). 
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X. The diffeomorphism group of the circle 

In this section we apply the general results from Sections VI and VII to the group of orientation 

preserving diffeomorphisms of the circle S"'^ and the modules T\ of A -densities on S'^ whose 
cohomology for the group Diff(S^)o has been determined in [OR98]. We shall also point out how 
the picture changes if Diff(S^)o is replaced by its universal covering group. 

Let G := Diff(S^)Q^ be the group of orientation preserving diffeomorphisms of the circle 
§1 S M/Z. Then its universal covering group G can be identified with the group 

G := {/ e Diff(M)°P: (Va; e K) f{x + 1) = f{x) + 1}, 

and the covering homomorphism qo- G — »■ G is given by q{f){[x]) = [f{x)], where [x] = x + Z € 

= R/Z. The kernel of qc consists of all translations Ta, a E 7^, and since G is an open 
convex subset of a closed subspace of (M, R) , it is a contractible manifold. In particular, we 
obtain 

7ri(G)^Z and 7rfe(G) = {1}, A; 7^ 1. 

The group G has an import scries of representation J-x , A G R, where J-'\ is the space of 
A-densities on the circle §^ . As the tangent bundle TS^ is trivial, we may identify the space 
with the space C°° (S^ , R) of 1 -periodic functions on R with the representation 

which corresponds symbohcally to ip*{^{dx)^) = {^oip) ■ {ip'Y ■ {dx)^. Note that J^o = G°°(S\M) 
is a Frechet algebra and that, as G-modules, 

.Fi^f^i(§\R) and ^ V(§^) = fl. 

For the Lie algebra = V(S^) of G the derived representation is given on X = by 

(10.1) pxm = a'+m'- 

This follows directly from p\{g).f = (5')^ • {fog) and the product rule. In the following we shall 
identify g with C°° (S^ , M) and denote elements of g by ^ , r] etc. 

Lemma X.l. On the Frechet-Lie group A := G°°(S^,R^) = J-q we have a smooth G-action 
by g.f ■= f o g and the derivative rj: G ^ A, f f is a smooth 1 -cocycle. 

Proof. For g,heG we have r]{gh) = (gh)' = {ho g)' = {h' o g) ■ g' = {g.r]{h)) ■ r]{g). m 

Remeirk X.2. The representation on has the form px{g).f — rj{g)^ ■ if ° g) and the fact 
that T]^: G — > A is a cocycle implies that pa: G — > GL{J^x) is a group homomorphism. ■ 



The cohomology on the Lie algebra level 

Proposition X.3. The cohomology in degrees 0,1,2 of the Q-module J^x has the following 
structure: 

For n G No let a„(^) = ^^"^ denote the n-fold derivative. Then 

hI{q,J^o) = span{[ao], [ai]}, Hl{Q,ri) = R[a2], Hl{Q,r2) = Rfas] 
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and H^{q,J^x) vanishes for A 7^ 0, 1,2. In degree 2 we have 

{IR2 /or A = 0,1,2 
R for X = 5,7 
{0} otherwise. 

For A = 0, 1, 2 the cohomology classes of the following elements form a basis of H^{0, J^\) : 



and 



^2{^,ri) := 



V 



, wi(^,7?):= 



/" 




'0 





n 
v" 



for A = 0, 
for A = 1, 

for A = 2. 



Proof. (cf. [OR98]) We have 

jpo ^ {/ g C°°{S\R): (V^ e C°°{S\R))^f' + X^'f = 0}. 

For constant functions ^ the differential equation from above reduces to /'^ = 0, so that / 
is constant, and now A^'/ = for each ^ implies A/ = 0. This proves the assertion about 

According to [Pu86, p. 176], we have 

: r e Noj = {0, 1, 2, 5, 7, 12, 15, . . .}. 



If r e No and A 



for 
, then 



for g > r 
for q <r, 

where F(S^) = x SIS^ and OS^ is the loop space of S^. The cohomology algebra 

is a free anticommutative real algebra with generators a,b,c satisfying 

deg(a) = deg(6) = 1, deg(c) =2, 0^=6^ = 0. 
It follows in particular that 

H^{g,To)=M., Hl{g,To) =Ra + m = R^, JFo) = Re + Ra6 = 

The structure of H*{q,J-\) is now determined by the fact that it is a free module of the algebra 
= H*{q,Tq) with one generator in degree r. Here the algebra structure on 
H*{q,Tq) is obtained from the multiplication on J^o as in Appendix F, and the multiplication 
^0 X -^A ^ yields the J^)) -module structure {[a], [/?]) [a A P] on H*{q,Tx)- 

From [Fu86, Th. 2.4.12] we see that generators of H*{q,J^q) are given by the classes of 
ao,Q!i and wq. Therefore a second basis element of H'^{q,!Fq) is represented by 

(ao Aai)(^,r?) = ao{C)oti{ri) - ao{ri)ai{C) = ^v' - ^'v = ^3o{tv)- 

The space H^{q, Tx) is non-zero for r = 0, 1 which corresponds to A € {0, 1, 2} . For r = 
it is two-dimensional and for r = 1 it is one-dimensional. For A = 1 a generator is given by [02] 
([Fu86, Th. 2.4.12]; there is a misprint in the formula!). Prom the iJ* (5, .Fq) -module structure 
of H*{q,J^i) we obtain the generators of H^{q,J^i): 

(ao A a2)(C, V) = ^v" - vC = oJi, (ai A a2)(C, v) = ^'v" - v'^ = ^i- 

Averaging over the rotation group, we see that every cocycle is eqiiivalent to a rotation 
invariant one. From that it is easy to verify that for A = 2 a generator of H^{g, T-i) is given by 
[as] , and we obtain for the basis elements of H^{g, J^^) '■ 

(ao A a3)(e, ??) = ^yi'" - = ^2, (ai A r?) = ^'v" 



■ UJ2- 



For an explicit description of a basis of H^{q,J^x) for A = 5,7 we refer to [OR98]. 
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Integrating Lie algebra cocycles to group cocycles 

Now we translate the information on the Lie algebra cohomology H^{q, J^\) for p = 0, 1, 2 
(Proposition X.3) to the group G . Since the group G is connected, we have 

''^ ' ^ ^ ^ I Ml forA = 0. 
In degree 1 , we can use Proposition III.4 to see that we have an exact sequence 

^ i^l(G,^A)^7^i(0,^A)-^^^ 

For A 7^ this implies that D:H\(G,T\) H^{q,Tx) is an isomorphism. For A = we have 
to calculate the period map P. Let t := Rl = ^ be the one-dimensional subalgebra 
corresponding to the rotations of the circle and T = T C G the corresponding subgroup. 
Then the inclusion T ^ G induces an isomorphism 7ri(T) 7ri(G), so that we can calculate 
P by restricting to T. Since t corresponds to constant functions, the cocycle ai vanishes on t, 
and the cocycle ao is non-trivial on t. Hence 

Hl{G,Ta) ^keiP = R[ai]. 

The group cocycle corresponding to q:i(^) = C is (^{f) = log<p' (cf- Lemma X.l) because for 
(fi = idR -|-^ we have 

f?(id+o = iog(i+n^e' + ---, 

which implies D9 = a\ . Since the map d: J^q — G°°(S^, R) — > .Fi = f2^(§r, M) is equivariant, we 
obtain a group cocycle 

doeezl{G,Ti), {doe){f) := iog(/')' = ^, 

and for ip = id-|-^ the relation {d o 9){id+^) = directly leads to D{d o 9) = a-i- The 

Schwarzian derivative 

satisfies DS = as . We thus have 

{0} for A 7^ 0,1, 2 

77 ^ _ ; forA = 

-"s y^i •''a; — 'S lu „ for A = 1 

for A = 2. 

On the simply connected covering group qo'-G ^ G we have H\(G,T\) = H\{^,T\) 
(Proposition III. 4), so that we need an additional 1 -cocycle for A = 0, which is given by 

L{if>) := - idR . 

In fact, L{'ipip) — L{ip o ip) := ip o ip — tjj + tjj — idg = 'tJj*L{ip) + L{'ip). Since DL = ao, we get 

Hl{G,To) =m.[L]+R[9], 

where 6{(p) = log<^'. 

Now we turn to the group cohomology in degree 2: In view of 7ri(G) = Z and Theo- 
rem VII. 2, we have a map 

(5:Hom(7ri(G), J-f ) - ^ H^iG,^^), <5(7) = {J'x >o G)/r{^). 

The kernel of this map coincides with the image of the restriction map 

R:Hl{G,J^x) = HI{q,Tx) ^ Hom(7ri(G),.Ff ) - .Ff 
and the image of D coincides with the kernel of the map 

P:HI{q,:Fx) ^ Hom(7ri(G),ifi(fl,.FA)) ^ ^^(fl^-^A). 

The following proposition clarifies the relation between second Lie algebra and Lie group 
cohomology for the modules . We refer to Appendix F for the definition of the fl -product of 
Lie group cocycles. 
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Proposition X.4. For each A G M the map D: H^{G, J^\) — > H^{g,J^x) is injective. It is 

bijective for A ^ {0, 1, 2} . For A G {0, 1, 2} we have 

HliCH) = K[-Bo], HliCJ^i) = M.[Bi], Hl{G,T2) = ^[^2] 
for ^ 

Bo{^p,tp) -.^ - I log((Vjo^)')(i(log(^'), Bi:=0n{doe) and B2 := 6* n 5. 
"'0 

Proof. (cf. [OR98]) First wc show that D is injective for each A. As above, let T = T C G be 
the subgroup corresponding to t = Ml in g . Since the inclusion T ^ G induces an isomorphism 

TTi (T) — > TTi (G) , we can calculate R by using the factorization 

HKq^To) ^ Hl{t,To) ^ Hom(7ri(T), J-Q^) ^ ^ Hom(7ri(G), ^0°). 

It is clear that the cocyclc ai vanishes on t, but ao satisfies per^^([idT]) = 1 G !Fq . Therefore 
the restriction map R is surjcctive for A = 0, which implies 5 = 0. For all other values of A the 
map 6 vanishes because is trivial. Therefore D is injective for each A. 

For A ^ {0, 1, 2} the space HI{q,J^x) vanishes, so that P = and im{D) = ker(P) imply 
that D is surjective. 

For A = 0, 1,2 the space H^{g,J^\) is two-dimensional (Proposition X.3). To calculate P 
in these cases, let 

7: [0, 1] ^ T C G, ti-^{x<-yx + t + Z) 
be the generator of m (G) . We have 

I^{x) = [ {i^^.u:''^){i{t))dt= I -t{t).w{M{^{t))-\x,l)dt. 
Jo Jo 

This means that 1^ is the T-equivariant part of the linear map —iiUiiQ^J^x. 

For the cocycle LJx{^,r]) := ^r/(-^+^) — ry^(-^+i) we have 

As 1 acts on each J^x hy ^ ^' the linear map 07^(1, •) is T-equivariant, hence equal to I-y, 
and we obtain 

F^,{1) = -[I^], I^{r]) = -Tj^^+'\ for A = 0,1,2. 

For wo(5,?7) := /gi Cv" ~ Cv' have wo(l,*7) = 0, so that F^^ = 0, and likewise u)x{l,r]) = 
for A = 1, 2 leads to F^^ = for A = 1, 2. 

We conclude that for A = 0, 1, 2 the kernel of P is one-dimensional, and that 

im{D) =ker(P) =M[a;A]. 
For A = the Thurston-Bott cocycle (for Difr(Si)°P) 

Bo G Z^,{G,R) C Z^,{G,J^o), Bo(<^, V) = - / log((V o ^)')d{log^') 

Jo 

satisfies DBq = uiq (cf. [GF68]). For A = 1, 2 we reall that wa = A ax+i , so that Lemma F.3 
implies that the cocycles 

Bi:=er\ido0) and B2 := 9 H S 
satisfy DBx = cox ■ This completes the proof. ■ 

Proposition X.5. For the simply connected covering group G of G we have 
H^{G,J^x)=nBx](BnBx]^M.^ for A = 0,1, 2, 

where 

Bo:=Ln 6, Bi:=Ln{do 6) and B2 := L n 5 
and Bx is the pull-back of the corresponding cocycle on G. 

Proof. Since the simply connected covering group G is contractible, the derivation map 

D:H^{G,Tx)^H^A9,^x) 
is bijective, so that we obtain larger cohomology spaces of G than for G. For A = 0, 1,2 we 
have ZJx = cuo AaA+i, so that the cocycles Bj, j = 0,1,2, satisfy DBx = ^\ (Lemma F.3). 
Combining this with the pull-backs of the cocycles Bx from G , the assertion follows. ■ 
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A non-trivial abelian extension of SL2(K) 
We consider the right action of SL2(IR) on the projective hne Pi(M) = R U {oo} by 

a b\ / a b\ ^ dx — b 

.X :- 



c d J ' \c dj ■ ■ -ex + a ' 

In particular the action of the rotation group S02(R) is given by 

cos nt — sin irt \ cos irt ■ x — sin Trt 
.X = 



sin TTt cos wt I sm-nt- X + cos -Kt 



so that 

cos -Kt — sin nt 
sin -Kt cos -Kt 



.0 = — tan Trt 



and the map t tan Trt induces a diffeomorphism M/Z ^ Pi(IR.). We use this diffeomorphism 
to identify = R/Z with Pi(]R) and to obtain a smooth right action of SL2(R) on . Then 
sl2(R) is isomorphic to a 3-dimensional subalgebra of V(S^) and S02(R) corresponds to Rl = I. 
We put 

'0 -1' 
1 



U :-- 



and observe that this element corresponds to the constant function i . From ad U ((ad J7)^ +4) = 
on s[2(R) and the formula for commutators in V(S^) we therefore derive 

sl2(R) = span{l, cos(27rt), sin(27rt)} 

as a subalgebra of V(§i) = C°°(§i). We may therefore pick J7, P e s[2(R) with [U,H] = -2P 
and [U,P] = 2H such that H corresponds to the function cos(27rt) and P to the function 
sin(27rt) . 

The corresponding group homomorphism 

a: SL2(R) ^ Diff(Si)°P 

is homotopy equivalent to the twofold covering of T = §^ , hence induces an injection 

7ri(a):7ri(SL2(R)) ^ Z ^ 7ri(Diff(§i)) ^ Z 

onto a subgroup of index 2 . 

From the action of SL2 (R) on §^ , we obtain a smooth action on the Frechet spaces 

:= C-(S\R), {g.f){x) := {a{g)ffix.g). 

By restriction to the subalgebra 5[2(R) C V(S^), we obtain the 2-cocycle u!{^,r]) = ^'77" — ^"77' 
in Z2(sl2(R), J^i) . Let 7: / ^ SL2(R), t ^ exp(27rtf/) be the canonical generator of 7ri(SL2(R)) . 
As in the proof of Proposition X.4, it then follows that 

F^:7ri(SL2(R)) ^ iri(s[2(R), ^1) 

is given by -Fw([7]) = ^[ly] 1 where is the t-invariant part of —2iiuj = 0, hence F^^ = 0. 

Next we show that [w] ^ in i?^(s(2(R),^i). If this is not the case, then there exists 
a linear map a:5[2(R) T\ with = da. Since a; is T-equivariant, we may assume, after 
averaging over the compact group T, that a is also T-invariant, i.e., 

a([?7,a;]) = V.a{x), x G s[2(R). 
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Now 

= ijjoj = ijjda = Cu-a — diuOL = —diua 

implies 

iua = a{U) € Z0(s[2(M),^i) = Tf'^^^ = {0}. 
We now derive from [H, P] € KJ7 : 

io{H, P) = da{H, P) = H.a{P) - P.a{H) - a{[H, P]) = H.a{P) - P.a{H). 

Further the equivariance of a imphes the existence of a, 6 e M with 

a{P) = acos(27r<)+6sin(27rf) and a{H) = '^a{[U,P]) = ^U.a{P) = -asin(27ri)+6cos(27ri). 
We further have 

H.a{P) = cos(27rt).(acos(27rt) + 6sin(27rt)) = (acos^(27rt) + 6sin(27ri) cos(27ri))' 

and 

P.a{H) = sin(27ri).(-asin(27ri) + 6cos(27ri)) = (-asin2(27rt) + 6sin(27rt) cos(27ri))', 
so that 

uj{H, P) = H.a{P) - P.a{H) = a{cos^{2-Kt) + sm^{2'Kt))' = al' = 0, 

contradicting 

uj{H,P) = cos(27ri)' sin(27rt)" - cos(27rt)" sin(27rt)' = 87r^(sin3(27rt) + cos^(27rt)) ^ 0. 

Therefore [co] ^ . Since and per^^ vanish, and 

Hl^{SU{R),J',) ^ Hl^{S\j^^) = {0}, 

there exists a smooth 2-cocycle / e Z^(SL2(K),^i) with Df = w (Proposition VII.4). Then 
the group 

x/SL2(R) 

is a non- trivial abelian extension of SL2(M). It is diffeomorphic to the direct product vector 
space C°°(§SM) x M^, hence contractible. 

If F is a trivial s[2(M) -module, then the range of each 2-cocyclc lies in a 3 -dimensional 
subspace, hence is a coboundary, because the corresponding assertion holds for finite-dimensional 
modules. Therefore all central extensions of SL2(K) by abelian Lie groups of the form A = o/F^ 
arc trivial (Theorem VII. 2). The preceding example shows that H^{s[2{^),J^i) ^ {0}, which 
provides the non- trivial extension of SL2(]R) . 

The choice of the cocycle u above is most natural because one can show that the cohomology 
of the s[2(K) -modules satisfies 

r for A 7^ 0, 1 r for A 7^ 0, 1 

dimH^{sl2{R),J'x) =\l for A = dimHl{sl2{R),J'x) ={2 for A = 
I 2 for A = 1, I 1 for A = 1. 

For A = the flux homomorphism yields an injectivc map 

(10.2) H^{sl2m,J^x) ^ Hom(7ri(SL2(M)),//i(5l2(M),.?-A) = Hl{sl2m,J^x), 

so that we only obtain non-trivial abelian extensions of the universal covering group SL2 (M) . 
For A = 1 the kernel of (10.2) is one-dimensional and spanned by [lo] , so that [uj] is, up to 
scalar multiples, the only non-trivial 2 -cohomology class associated to the modules J^x which 
integrates to a group cocycle on SL2(M) . 
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XI. Central extensions of groups of volume preserving diffeomorphisms 

In the present section we discuss certain central extensions of the group Diff(M, /u) of 
diffeomorphisms of a compact connected oricntablc manifold M preserving a volume form ^, 
resp., its identity component I?(M, /x). Each closed j-valued 2-form w on M defines a central 
extension of the corresponding Lie algebra V(M, /x) of /u-divergence free vector fields because 
composing integration over M with respect to /i with the C°° (M, 3) -valued cocycle defined by the 
2-form (cf. Sectio IX) leads to a 3 -valued 2 -cocycle, the so-called Lichnerowicz cocycle (cf. [Vi02], 
[Li74]). We shall see that if 772 (M) vanishes, then the only obstruction to the integrability of the 
corresponding central extension is given by the flux homomorphism 7ri(D(M, /i)) iJ^jj(M, 3) . 
If M = G is a compact Lie group, we show that the flux becomes trivial on the covering group 
D{G,n) of D{G,^) acting on the universal covering manifold G oi G, which leads to central 
Lie group extensions of this group. 



Some facts on the flux homomorphism for volume forms 

In this short subsection we collect some facts on the flux homomorphism of a volume form 
on a compact connected manifold. These results will be used to show that each closed 2-form on 
a compact Lie group G deflnes a central extension of the covering D(G, ji) of identity component 
D{G,ii) of the group of volume preserving diffeomorphisms of G which acts faithfully on the 
universal covering group G . 

Let M be a smooth compact manifold, 3 a sequentially complete locally convex space and 
a; e ^P{M,i) a closed 3-valued j3-form. For a piecewise smooth curve a: I ^ Diff(M) we define 
the flux form 

F^{a):= [ a{ty{isi^am^)dt= [ V(t)-i.„/(t)(a(t)*a;) e Of-^(M,3). 
Jo Jo 

Let a:I^ Diff (M) be a piecewise smooth path and a: Aj,_i — > M a smooth singular 
simplex. Further define 

a.a: I x Ap_i M, {t, x) a{t).a{x). 

Then 

{{a.a)*uj){t, x)(^—,vi,..., Vp-i^ 

= u}{a{t).a{x))[a' {t){a{x)), a{t).da{x)vi , . . . ,a{t).da{x)vp-i) 
= {a{t)*uj){(T{x))[a{t)~^.a'{t){a{x)),da{x)vi,. . . ,da{x)Vp-i) 
= {ia{t)--^.a'{t){a{t)*oj)){a{x)){da{x)vi,. . .,da{x)vp-i) 

(cf. [NV03, Lemma 1.7]) imphes 

/ w = / {a.a)*u!= / Fa;(a). 

Ja.a JlxAp-i Ja 

We thus obtain 

/ u= [ F^{a) 

Ja.T. Jt. 

for each singular chain S if we extend the map a 1— > a.a additively to the group of piecewise 
smooth singular chains. If S is a boundary and a is closed, then a.Y, is a boundary, so that 
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the integral vanishes by Stoke's Theorem, and therefore Jj,F^{a) vanishes. We conclude that 
Fj^(q) is a closed {p — l)-form, so that we obtain a group homomorphism 

F„:7ri(Diff(M)) ^ HP^^M,^), [a] ^ [F^(a)]. 

Lemma XI. 1. // M is an oriented compact manifold of dimension n, tuq G M , and ji a 
volume form on M with Jj^ M = 1 , then the corresponding flux homomorphism 

F,: 7ri(Diff(M)) ^ H^^^M, M), [a] ^ [F^{a)] 
factors through the kernel of the map 

7ri(ev„J:7ri(Diff(M)) ^ 7ri(M,mo). 

Proof. (Wc arc grateful to Stcphan Haller for communicating the idea of the following proof.) 
To each smooth loop a: Diff(M) with a(l) = idM we associate a locally trivial fiber 

bundle Qa-Pa — * whose underlying topological space is obtained as follows. We think of 
as a union of two closed discs Bi and B2 with Bi (1 B2 = . Then we put 

P« := ((Si X M)U{B2 X M))/ ~, 

, \ / / /X ( X = x' ^ dBiU dB2, m = m' 
^ ' ^ ^ l^x = X e oBi,m — a[x){m). 



where 



Then qa{[x, m]) := x defines the structure of a locally trivial fiber bundle with fiber M over §^ . 

A section of P^, is a pair of two continuous maps af.Bj —>■ M , j — 1,2, such that the 
restrictions aj :— aj las^ satisfy a2{x) = a{x){ai{x)) for all x e dBj . This means that ui and 
(72 are contractiblc loops in M with a.ai = 02 ■ Conversely, every pair of contractible loops a\ 
and (72 in M satisfying o..a\ = 02 can be extended to continuous maps Bj ^ M and thus to a 
section of Pa ■ 

If (7i is a contractible loop based in mo, then a.ai is a loop based in mo homotopic to 
the loop x ^ a{x){mQ) . Therefore the existence of a continuous section of Pa is equivalent to 
[a] e ker7ri(evTOj. 

Suppose that [a] G ker7ri(cvmo) a-nd that (7:S^ Pa is a corresponding section. It 
follows easily from the construction of Pa that the manifold Pa is orientable if M is orientable. 
Hence the 2 -cycle [a] has a Poincare dual [0\ G i?^„g(Pa,Z) whose restriction to a fiber M 
is the Poincare dual of the intersection of im((7) with a fiber, hence the fimdamcntal class 
[ij] G H^^ {M,Z) ([Bre93, p.372]). Therefore the fundamental class of M extends to an 



dimensional cohomology class in P . 

On the other hand we obtain from [Sp66, p. 455] the exact Wang cohomology sequence 
associated to P„ : 



H2^(Pa,z) - h2M^)^h2-Xm,z) H2+\p,z) 



where da satisfies 



for each (n — 1) -cycle E in M , and the kernel of da consists of those cohomology classes extending 
to Pa ■ As this is the case for the fundamental class of M, it follows that [a.S] = holds for all 
(n — 1) -cycles S on M. We conclude that Ffi{a) is an exact (n — l)-form if [a] G ker tti (evmo ) •■ 
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Remark XI. 2. Suppose that G is a compact Lie groiip of dimension d. Then G is orientable 
and we can identify G with the group A(G) of left translations in Diff (G) . Then 

Diff(G) = Diff(G)iA(G) ^ Difr(G)i x G 

as smooth manifolds. In particular we have 

7ri(Difr(G)) ^ 7ri(Diff(G)i) x tti{G). 

If /X is a normalized biinvariant volume form on G, then Lemma IX. 1 implies that the corre- 
sponding flux homomorphism 

F^:MDiS{G))^H^^\G,R) 
factors through a homomorphism 

Fl-.MG) ^ H^^\G,R). 
Let qc-G ^ G denote the universal covering homomorphism and 
Difr(G) := {ip e Diff (G): {3(p e Diff (G)) (fi o qa = qa o 
Then we have a canonical homomorphism 

Qg: Difr(G) ^ Diff(G), ip ^ (p 

whose kernel coincides with the group of deck transformations that is isomorphic to tti (G) . We 
endow Diff(G) with the Lie group structure turning Qa into a covering map. We then have 

Diff(G) = Diff(G)iG ^ Diff(G)i x G ^ Diff(G)i x G 
as smooth manifolds, so that 

7ri(Diff(G))^7ri(Diff(G)i). 

The identity component Diff(G)o is a covering of Diff(G)o and since the flux homomorphism 
vanishes on its fundamental group (Lemma IX. 1), the flux cocycle 

V(G) ^ H^^\G, M), X ^ [ixiA 

integrates to a group cocycle 

F^:Dflf(G)o ^ H^^\G,R) = Q'^-\G,R)/dn^-'^{G,R) 

with DF^ = f^. 

Application to central extensions 

In this subsection we apply the tools developed in the present paper to central extensions 
of groups of volume preserving diffeomorphisms of compact manifolds. 

Let M denote an orientable connected compact manifold and ^ a volume form on M, 
normalized by Jj^ = 1 . We write 



D{M, fj,) := {if e Difl[(M)°P: <^> = fj,}o 
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for the identity component of the group of volume preserving diffeomorphisms of (M, fj.) and 

:= V(M, /x) := {X G V(M): £xM = 0} 

for its Lie algebra. Further let D{M, fi) C Diff(M) denote the identity component of the inverse 
image of D{M,ii) in Diff(M). Then we have a covering map D{M,fj,) D{M,fj,) which need 

not be universal. We write D{M,n) for the universal covering group of D{M,fj,) which also is 
a covering group of D{M, jj) . 

Let 3 be a Frechet space. On the space C°°(M, 3) of smooth 3-valued functions on M we 
then have the integration map 

7:C~(M,3)^3, f^ I /m. 

JM 

Then / is equivariant for the natural action of D[M,ijl) on C°°(M, 3), where we consider 3 as 
a trivial module. On the infinitesimal level this means that 

[ {X.f)ij, = for /gC~(M,R), XeV(M,/i). 

Each closed 3-valued p-form ui e i}P{M,}) defines a C°°(M, 3) -valued p-cochain for the 
action of the Lie algebra on C°°(M,3) and since I is -equivariant, we obtain continuous 
linear maps 

$:n^'(M,3)^CP(0^,3), $(a;)(Xi,...,Xp):=/(u;(Xi,...,Xp))= / co{X„ . . . ,Xp) n. 

Jm 

The equivariance of I implies that ^{du) = dg^^{u)), so that $ induces maps 

$:iJfj,(M,3)^FP(0^,3). 

Remark XI. 3. If tt2{M) = {0} and D{M,fi) denotes the simply connected covering group of 
D{M,ii), then for each closed 2-form w e Z^j^(M, 3) the period map of the corresponding Lie 
algebra cocycle vanishes (Proposition IX. 5), so that, in view of Theorem VII. 2, $ induces a map 

If, more generally, C 3 is a discrete subgroup with J^^^^^-, w C and Z := i/Tz, then 
Theorem VII. 2 implies that the Lie algebra cocycle u integrates to a central extension 

Z ^ D{M,n) D{M^^i). 

Let 

V(M,/i)ex := {X e V{M,ij):ixlJ. G rfOf-2(M,M)} 

denote the Lie algebra of exact divergence free vector fields. It can be shown that this is the 
commutator algebra of V{M,fi) (cf. [Li74]), hence a perfect Lie algebra. It follows in particular 
that 

ifl(V(M,/i)ex,3) = Homoe alg(V(M,/i)ex,3) = {0} 

vanishes for each trivial module 3. Therefore restricing the cocycles from above to V(M, /ii)ex, 
resp. the corresponding connected subgroup _D(Af, /i)ox of exact volume preserving diffeomor- 
phisms leads to a trivial flux homomorphism. Hence /^^(m)'^ — implies the existence of a 
central Z -extension of D{M,ij,)ex- We refer to Ismagilov ([Is96]) and Haller-Vizman ([HV04]) 
for geometric constructions of these central extensions (for the case ^ = R,Z = T = R/Z). m 
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Proposition XI. 4. Let G be a compact connected Lie group and fi an invariant norm,alized 
volume form on G . Then the flux cocycle restricts to a surjective Lie algebra homomorphism 

f^:V{G,f,)^H^-\G,R) 

whose kernel is the commutator algebra and whose restriction to 3(g) C g C V{G,ii) is bijective. 
This Lie algebra homomorphism integrates to a homomorphism of connected Lie groups 

F^:D{G,f,)^H^^\G,R) 

whose restriction to Z{G)q C G C D(G,ii) is an isomorphism. Moreover, each Lie algebra 
homomorphism ipg:V{G, jj) ^ a to an abelian Lie algebra integrates to a group homomorphism 
ifG- D(G, /u) — > a which factors through . 

Proof. Since defines a Lie algebra homomorphism V{G,ijl) — » i?^j^^(G, M), the restriction 

of the flux cocycle i?;,:Diff(G)o ^ Hj^^{G,R) to the subgroup D{G,ijl) is a group homomor- 
phism ^ 

F^■.D{G,^i) ^ i?d^R'(G,M) - ff'^-i(g,M) 

which on the subgroup G of D[G,ijl) is the Lie group homomorphism obtained by integrating 
the Lie algebra quotient homomorphism 

where Hq := S C'(g,K). Note that Poincare Duality implies that 

i?dti(G,M) - 7J]r(G,M) - Hom(0,R) - 3(0)* 

so that i?^j^^(G, R) = Z{G)q = 3(3) and we can think of the flux homomorphism as a group 
homomorphism 

if :5(G,M)-3(fl)- 

On the Lie algebra level we have g C V(G, //) , [V(G, /i), V(G, /x)] C ker/^, and maps 
3(g) isomorphically onto ff^j^^(G, M). This leads to 

V(G,m) = [V(G,m),V(G,m)] >^3(fl) 

with _ffi(V(G,/i)) 3(g) and we conclude that the flux homomorphism F^:D{G,ii) 3(g) is 
universal in the sense that each Lie algebra homomorphism V(G,/u) — > a, where a is an abelian 
Lie algebra, integrates to a Lie group homomorphism D{G,ii) — > a. ■ 

Theorem XI. 5. Let G be a connected compact Lie group, ji an invariant normalized volume 
form, 3 a sequentially complete locally convex space and u € 0^(G,3) a closed 2 -form. Then the 
Lichnerowicz cocycle on V(G, fi) given by 

Jg 

integrates to a central Lie group extension 

l^D{G,,i)^D(G,ii). 

Proof. First we recall that 7r2(G) = {0} ([Ca52]), so that Remark XI.3 implies that the period 
map of _D(G,/i) vanishes for each closed 2-form u) S n^(G,3) on G. Moreover, the flux cocycle 
is a Lie algebra homomorphism 

/^:0^ = V(G,//,) ^ Fi(g^,3) = Hom(g^,3) ^ Hom(3(g),3) 

so that Proposition XL4 implies that the corresponding flux homomorphism vanishes on the 
fundamental group 7ri(l)(G, /x)) , so that Theorem VIL2 implies that lo defines a Lie algebra 
cocycle in Z^{V{G, iJ.),$) corresponding to a global central extension as required. ■ 
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Remark XI. 6. In view of 

Hj^iCi) ^ Hl{Q,i) = H^M9),i) = Alt' (3(0), 3) = UniA\i{g)),i), 

we obtain a universal Liclinerowicz cocyclc with values in the space 3 := A^(3(g)) . ■ 

The preceding remark applies in particular to the d -dimensional torus G = T^ := M.'^/Z'^ , 
which we consider as the quotient of M'' modulo the integral lattice. We write , . . . , a;^ for the 
canonical coordinate functions on K'^ and observe that their differential dxj can also be viewed 
as 1 -forms on T"* . In this sense wc have 

H^ni^'^, K) = ^dxi A dxj] ^ wH) . 
i<j 

Therefore the central extensions of D{T'^, /i) described above correspond to the central extensions 
of the corresponding Cartan type algebras discussed in [Dz92]. We conclude in particular that 
these cocycle do not integrate to central extensions of £)(T'*, /z) , but that they integrate to central 
extensions of the covering group D{T^,IJ,) which we can considered as a group of diffeomorphisms 
of W^. 



Appendix A. Differential forms and Alexander— Spanier cohomology 

In this appendix we discuss a smooth version of Alexander-Spanier cohomology for smooth 
manifolds and define a homomorphism of chain complexes from the smooth Alexander-Spanier 
complex (C^g ^(M, A), d^s), > 1, with values in an abelian Lie group A with Lie algebra a 
to the a-valued de Rham complex (II" (M, a),d). In Appendix B this map is used to relate Lie 
group cohomology to Lie algebra cohomology. The main point is Proposition A. 6 which provides 
an explicit map from smooth Alexander-Spanier cohomology to de Rham cohomology. 

Definition A.l. (1) Let M be a smooth manifold and A an abelian Lie group. For n £ No 
let C^s s(Af, A) denote the set of germs of smooth A-vahicd fimctions on the diagonal in M"+^ . 
For n = this is the space C% ,.{M, A) = C°°{M, A) of smooth A-valued functions on M. An 
element [F] of this space is represented by a smooth function F-.U-^A, where U is an open 
neighborhood of the diagonal in M"+^ , and two functions Fi'.Ui^A, i = 1,2, define the same 
germ if and only of their difference vanishes on a neighborhood of the diagonal. The elements of 
the space C'^g g{M,A) are called smooth A-valued Alexander-Spanier n-cochains on M . 
We have a differential 

dAs:Cls,s{M,A)^Cl+-l^{M,A) 

given by 

n+l 

{dAsF){mo, . . . , m„+i) := ^(-l)-'F(mo, ...,mj,..., m„+i), 

j=o 

where m} indicates omission of the argument m,j . To see that dAsF defines a smooth function 
on an open neighborhood of the diagonal in M"+^ , consider for i = Q, . . . ,n + \ the projections 
Pj:M"+^ — > M""*"^ obtained by omitting the i-th component. Then for each open subset 
U C M"+^ containing the diagonal the subset {^I^q P^^{U) is an open neighborhood of the 
diagonal in M""*"^ on which dAsF is defined. It is easy to see that dAs is well-defined on germs 
and that we thus obtain a differential complex {C\g ^{M, A),dAs) ■ Its cohomology groups are 
denoted H'Xg^iM, A). 

(2) If M is a smooth manifold, then an atlas for the tangent bundle TM is obtained directly from 
an atlas of M , but we do not consider the cotangent bundle as a manifold because this requires 
to choose a topology on the dual spaces, for which there are many possibilities. Nevertheless, 
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there is a natural concept of a smooth p-form on M . If is a locally convex space, then a 
V -valued p-form w on M is a function lu which associates to each x € M a fe-hnear alternating 
map Tx{My V such that in local coordinates the map {x,vi,. . . , Vp) ^ u}{x){vi, . . . , Vp) is 
smooth. We write ^^{M, V) for the space of smooth p-forms on M with values in V . 
The de Rham differential d: nP{M, V) nP+\M, V) is defined by 



{du;)ix){vo, ...,Vp):= {XM^o, . . . , Xi, . . . , Xp)) (x) 

i=0 

+ Y^{-iy+^u{[Xu Xj], Xo,...,Xu...,Xj,..., Xp){x) 

i<j 

for vq, . . . ,Vp e Tx{M) , where Xq,. . . ,Xp are smooth vector fields on a neighborhood of x with 
Xi{x)=Vi. 

To see that d defines indeed a map r2^(M, y) ilP^^{M,V) one has to verify that the 
right hand side of the above expression does not depend on the choice of the vector fields Xi 
with Xi{x) = Vi and that it defines an element of f7P+^(M, V) , i.e., in local coordinates the map 

{x,vq, ...,Vp)h^ {du)){x){vQ, ...,Vp) 

is smooth, multilinear and alternating in wg, . . . , . For the proof we refer to (cf. [KM97]). 

Extending d to a linear map on 0(M, V) := 0^^^^ ^^{M, V) , we have the relation d^ = 0. 
The space 

ZPj^(M,F) :=ker(rf|ap(M,y)) 
of closed forms therefore contains the space B^^{M, V) := d{SlP~^{M, V)) of exact forms, and 

H^^niM, V) := Z^.^iM, V)/Bl^{M, V) 

is the V -valued de Rham cohomology space of M . ■ 

Definition A. 2. If M is a smooth manifold, A an abelian Lie group, a its Lie algebra, 
f-.M^Aa smooth function and Tf: TM TA its tangent map, then we define the logarithmic 
derivative of f as the o-valued 1-form 

df:TM^a, v ^ f {m)-\T f {v) , for v e T„(M). 

In terms of the canonical trivialization 9:TA A x a,v a~^.v (for v G Ta{A)) of the 
tangent bundle of A, this means that 

df = pr2 o9 o Tf: TM -> a. ■ 
Definition A. 3. Let Mi, . . . , M„ be smooth manifolds, A an abelian Lie group, and 

/:Mi X ... X M„ ^ A 
be a smooth function. For n € N we define a function 

d"f:TMi X ... X TMn a 

as follows. Let q: TM ^ M be the canonical projection. For ui, . . . , w„ £ TM with q{vi) = rrii 
we consider smooth curves 7^:] — 1, M with 7^(0) = Wj and 7^(0) = Vi and define 



{d^f){mi, . . .,mn){vi, ...,Vn):= 



dti ■ ■ - dtf 



f{ll{ti),...,^n{tn)), 



where for n>2 the iterated higher derivatives are derivatives of a-valued functions in the sense 
of Definition A. 2. One readily verifies that the right hand side does not depend on the choice 
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of the curves 7^ and that it defines for each tuple (mi, . . . ,m„) S Mi x . . . x M„ a continuous 
n-hnear map 

(d"/)(mi, . . .,m„):T,nAMi) x . . . x T„,„(M„) a. 
If X is a smooth vector field on Mj , then we also define a smooth function 

di{X)f:Mi X ...X Mn-^a, (mi, .. .,rn„) ^ d/(mi, . . . ,m„)(0, . . . ,0,X(mi),0, . . . ,0) 

by the partial derivative of / in the direction of the vector field X . For vector fields Xi on Mj 
we then obtain by iteration of this process 

(5i(Xi) • • • d„{Xn)f) (mi, . . . ,m„) = ((r/)(mi, . . . ,m„)(Xi(mi), . . . ,X„(m„)) 

and 

di{Xx) ■ ■ ■ dn{Xn)f: Mix ...xMn^a 
is a smooth function. ■ 

Definition A. 4. Let M be a smooth manifold and A an abelian Lie group. We write 
A„: M M"'^^,m 1-^ (m, . . . , m) for the diagonal map. 

For [F] e C2s,siM, A) , p e M and VI, ... ,Vn e Tp{M) we define 

and observe that t(F) defines a smooth a-valued n-form on M depending only on the germ 
[F] of F . We thus obtain for n > 1 a group homomorphism 

T:Qs,,(M,A)^f2"(M,a). 

If A = a, then we also define r for n = as the identical map 

r: C^s,,(M, A) ^ C°°{M, A) f2°(M, a) ^ C°°{M, a). 

If Xi,. . . ,Xn are smooth vector fields on an open subset V C M , we have on V the 
relation 

r(F)(Xi,...,X„)= ^ sgn(cr) • (9i(X^(i)) • ■ ■d„{X^^n))-F) o A„. 

As the operators di{X) and dj{Y) commute for i ^ j and vector fields X and F on M , this 
can also be written as 

r(F)(Xi, . . . ,X„) = ^ sgn(a) • (5,(i)(Xi) • • • (X„).F) o A„. 
For small n we have in particular the formulas 



n = 
n = 1 
n = 2 



r(i^) = F {ii A = a). 
T{F){X)^di{X).F. 

r(F)(A, r) - 9i(A)a2(r).F - ai(A)92(i").F. 



The following proposition builds on a construction one finds in the appendix of [EK64]. 
First we need a combinatorial lemma. 
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Lemma A. 5. Let a G Sn+i he a permutation with k := (t(1) < £ :— a{i + 1) and such that 
the restriction of a defines an increasing map {1, . . . ,n}\{l,i + 1} {1, . . . ,n}\{k,£}. Then 
Sgll((7) = (-1)*+'=+'. 

Proof. Replacing a by ai := a oa, where a = {i + 1 i i — 1 ...3 2) is a cycle of length i, 
we obtain a permutation ai that restricts to an increasing map 

{3,4,...,n}^{l,...,n}\{k,e}. 

Next we put (72 :— (3 o ai, where /3 = (1 2 3 ... k — 1 k) is a cycle of length k to obtain an 
increasing map 

{3,4,...,n}^{2,...,n}\ W. 

Eventually we put := 7 o cr2 , where 7 = (2 3 ... i — 1 i) is a cycle of length £ — 1 to obtain 
an increasing map 

{3,4,...,n}^{3,4,...,n}, 
which implies that (73 fixes all these elements. Further 

(73(1) = Jl3aail) = 7/3a(l) = jP{k) = 7(1) = 1 

implies that as = id. This implies that 

sgn(a) = sgn(a) sgn(/3) sgn(7) = = (-1)*+'=+^. . 

The following proposition generalizes an observation of van Est and Korthagen in the 
Appendix of [EK64]: 

Proposition A. 6. (van Est-Korthagen) // M is smooth manifold, then the map 

intertwines the Alexander-Spanier differential with the de Rham differential, hence induces a 
map 

Proof. We have to show that T{dAsF) = dT{F) holds for F e C°°{U,A), where U is an 
open neighborhood of the diagonal in M"+^ . 

Prom the chain rule we obtain for a vector field y on M the relation 

y.((ai(Xi)---a„(x„).F)oA„) = (ao(y)ai(Xi)---a„(x„).F) o a„ 

n 

(Al) +Y,{^l{Xl)■■■^^{Y)^i{X,)■■■^n{Xn).F)oAn. 

Now let 

Fi{xo, . ■ . ,a;„+i) := F{xo, . . . ,fi, . . . ,Xn+i). 

Then 

(^.2) Fi o A„+i = F o A„ 

and dAsF = ^"^q {—^Y Fi . Since the function Fi is independent of Xi, we have 

(A3) ai(Xi)---a„+i(x„+i).Fi = 0, i>i. 

Therefore 

di{X,)---dn+l{Xr,+l).{dAsF)=di{Xi)---dn+l{Xr,+l){Fo) = {do{Xi) ■ ■ ■ dn{Xr,+l)F) ^. 
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In view of (A. 2) and (A.l), this leads to 

(ai(Xi) • ■■dn+l{Xr,+,).{dAsF)) O A„+i = (ao(Xi) • ■■dn{Xn+l).F) O A„ 

= Xi.(((ai(X2) • • • o A„ 

n 

- J2 (^1(^2) • • • d,{X,)d,{Xi+,) ■ ■ ■ dn{Xn+l).F) O A„. 
i=l 

Alternating the first summand, we get an expression of the form 



^ sgn(c7)X^(i).(^ai(X<,(2))---5„(X^(„+i)).F) oA„ 

(TESn+1 

n+1 

J2 E sgn(a)X,.(5i(X,(2))---5„(X,(„+i)).F) oA„ 



j=l CT(l)=i 

We write any permutation a G Sn+i with cr(l) = i as cr = Q:j/3, where (3{1) = 1 and Q!i(l) = i 
and is the cycle 

ai = {ii-li-2 ... 2 1). 
We further identiiy S„ with the stabilizer of 1 in Sn+i ■ Then the above sum turns into 

n+l 

= sgn(ai) sgn(/3)^i-(3i(X„.^(2)) • • • a„(X„.^(„+i)).F) o A„ 

i=l /3gS„ 
n+1 

i=l 
n+1 

i=l 

In view of 

n+1 

rf(T(F))(Xi, . . . , X„+i) = Yi-'^y~'^MF){Xi, ...,Xi,..., X„+i) 

i=l 

+ J2i-^)''^'^iP)il^k,Xe],X,, ...,Xk,...,X(,..., 

fe<« 

and 

- E(-l)'+'T(F)([Xfc, X,], Xi, Xfe, X,, .. . X„+i) 

fc<£ 

= ^ sgn(/3)(a^(i)([Xfe, X,])a;3(2)(Xi) • • • d{Xk) • • • d{Xe) . . . dp(^){Xn+i).F) o A„, 

it remains to show that, as operators on functions on M"+^ , alternation of 

n 

(^■3) E ^1(^2) • • • di{X^)di{Xi+^) ■ ■ ■ dn{Xn+l) 

i=l 

leads to 

E(-l)'+'+' E sgn(/3)5;3(i)([Xfe,X,])a;3(2)(Xi) ■ • • d{Xk) ■ ■ ■ d{Xe) . . . 



= E(-l)''+^+'(5i A . . . A a„, [Xk,Xe] A Xi A • • • A Xfc A • • • A • • • A 

fc<£ 

n 

= E(-l)''+'+' Y^-^y^'di{[Xk,Xe]) o (^1 A . . . A 5i A . . . A A • • • A Xfc A • • • A A • • • A X„+i). 



k<e i=l 



60 Abelian extensions of infinite-dimensional Lie groups February 18, 2004 

Alternating (A. 3) leads to the expression 

n 

^ sgn(a)^5i(X^(2)) • • • • • • 

crGSn+l i=l 

n n 

= Y1 Yl sgn(a)^5i(X<,(2))---ai([X^(i),X^(i+i)])---a„(X<,(„+i)) 

i=l <7(l)<<T(i+l) j=l 

n n 

= EE E sgn(a)^ai(X,(2))---a,([Xfc,X,])...a„(X<,(„+i)). 

i=i fc<^ <T(i)=fc i=i 

<T(i+l)=(! 

We can write each permutation a G S'„+i as u = ctq/J, where /3 fixes 1 and i + 1, so that we 
can identify it with an element of Sn-i , and 

ao:{2,...,n+l}\{i+l}-^{l,...,n+l}\{k,£} 

is increasing. In view of Lemma A. 5, we then have sgn((To) = (—1)'+'^+^ for k = a{l) and 
i = a{i + 1) . Therefore alternating (A. 3) gives 

n n 

= EE(-1)'^'^' E sgn(/3)^5i(X,„^(2))---a,([X,,X,])...a„(X,„^(„+i)) 
i=i k<e 0eSn-i i=i 



= ^ X,]) o (ai A • • • A A • • • A a„, X,„(2) A • • • A 

i=l fe<^ 
n 

= Yl E(-l)'^''^^^'([^fe' A • • • • • • A 9„, X2 A • • • A Xfc A • • • A • • • A X„+i)). 

k<e i=l 

This completes the proof of Proposition A. 6. ■ 

Appendix B. Cohomology of Lie groups and Lie algebras 

In this appendix we show that for n > 2 there is a natural "derivation map" 

from locally smooth Lie group cohomology to continuous Lie algebra cohomology. For n = 1 
we have a map Di: Zl{G, A) Zl{g,a), and if, in addition, A = a/F^ holds for a discrete 
subgroup F^ of o, then this map induces a map between the cohomology groups. 

Definition B.l. Let be a topological m,odule of the topological Lie algebra g. For p € No , 
let Cp{q,V) denote the space of continuous alternating maps V , i.e., the Lie algebra p- 

cochains with values in the module V . Note that C^q, V) = Lin(0, V) is the space of continuous 
linear maps g ^ V. We use the convention C^{g,V) = V. We then obtain a chain complex 
with the differential 

d,:CP{s,V)^CP+'iQ,V) 

given on / e Cp{q,V) by 

p 



{dgDiXo, ...,Xp):= ^{-lyXj.fixo, ...,Xj,...,Xp) 



~t~ ^ ^ ( 1) f {[Xij Xj], Xq, . . . , Xi, . . . , Xj , . . . , Xp), 
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where Xj indicates omission of Xj . Note that the continuity of the bracket on g and the action 
on V imply that dgf is continuous. 

We thus obtain a subcomplex of the algebraic Lie algebra complex associated to fl and V . 

Hence rf^ = 0, and the space ZP{g,V) := ker(dg |cj(g,y)) of p-cocycles contains the space 
Bp{q,V) := ds{CP-\Q,V)) oi p-coboundaries (cf. [We95,'Cor. 7.7.3]). The quotient 

HPis,V) := ZP{0,V)/BP{q,V) 

is the p-th continuous cohomology space of g with values in the g -module V . We write [/] := 
f + BP{g,V) for the cohomology class [/] ofthecocycle /. ■ 

Definition B.2. Let G be a Lie group and A an abelian Lie group. We call A a smooth 

G -module if it is endowed with a G-module structure defined by a smooth action map GxA A. 

Let A be a smooth G-module. Then we define G"(G,A) to be the space of all functions 
F: G"+^ — > A which are smooth in a neighborhood of the diagonal, equivariant with respect to 
the action of G on G"+^ given by 

.9-(.9o, • • ■,gn) ■■= {ggo, ■ ■ • ,.g.9n), 

and vanish on all tuples of the form [g^, . . . ,g,g, . . . , (/„). As the G-action preserves the diagonal, 
it preserves the space G"(G, A). Moreover, the Alexander-Spanier differential dAs defines a 
group homomorphism ^ ^ 

dAs--C^{G,A)^C^+HG,Al 

and we thus obtain a differential complex {C*{G, A),dAs)- 

Let C^{G, A) denote the space of all function f-.G^^A which are smooth in an identity 

neighborhood and normalized in the sense that f{gi, . . . .gn) vanishes if gj = 1 holds for some 
j . We call these functions normalized locally sm,ooth group cochains. Then the map 

Cl\G,A) ^ G;(G, A), -fM)igo, ■ • ■ ,5„) := 9o-f{9o'9u9i'92, ■ ■ • ,5„-i5n) 

is a linear bijection whose inverse is given by 

^n^iF)i9i, ■■■,9n)~ F{l,gi,gig2, . . . , gi ■ ■ ■ Qn). 

By 

da Kli ° dAs ° G,"(G, A) -> C^+\G, A) 
we obtain the differential do: C^{G, A) C^+^{G, A) turning (G;(G, A), da) into a differential 
complex. We write Z"(G, A) for the corresponding group of co cycles, B'^{G,A) for the subgroup 
of coboundaries and 

H:iG,A) :=z:{G,A)/b:{G,A) 
is called the n -th Lie cohomology group with values in the smooth module A . m 

Lemma B.3. The group differential da-Cl''{G,A) G"+^(G, A) is given by 

idGf){go, ■■■,gn) = ga-f{gi, 9n) 

n 

+ ^(-l)V(50, . . .,9j-l9o, . . . ,5n) + (-1)"+V(50, . . •,9n-l). 

i=i 

Proof. In fact, dAsF = Er=V(-l)'^i leads with F = $„(/) to daf = Er=o'(-l)'*;+i(^») 
and hence to 

{dGf){90,---,9n) 

n+1 

= ^{-'^yFi{l,go,9o9\,---,9o---9n) 

i=0 
n+1 

= ^{-'i-TFil, go, goQi, . . . , go • • • 9i-i,9o ■ ■ ■ 9i+i , ■ ■ ■ ,9o ■ ■ ■ 9n) 

n 

= 90-fi9l, ■■■,9n) + ^(-1)7(50, 9l,---, 9i9i+l, ■■■,9n) + (-l)""'"V(fl'o, • • • , 9n-l)- 

1=1 
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For n = we have in particular 

{dGf){9o) =9o-f-f, 

and for n = 1 : 

{dGf){go,gi) = go-f{gi) - figogi) + f{go)- 

Definition B.4. Let G be a Lie group and a a smooth locally convex G -module, i.e., a is 
a locally convex space and the action map pa-G x a ^ a, {g,a) i— > g.a is smooth. We write 
Po(S'): ci — > a, a I— > g.a for the corresponding continuous linear automorphisms of a. 
We call a p-form O e flP{G, o) equivariant if we have for all g G G the relation 

= Pa{g) o ^i- 

The complex of equivariant differential forms has been introduced in the finite-dimensional setting 
by Chevalley and Eilenbcrg in [CE48]. 

If a is a trivial module, then an equivariant p-form is a left invariant a-valued p-form on 
G. An equivariant p-form is uniquely determined by the corresponding element fii € C^{q, o) : 

{B.l) Clg{g.xi,...,g.Xp) = pa{g)oni{xi,...,Xp), for g e G,Xi £ q = Tx{G), 

where G x T{G) — » T{G), {g,x) i— > g.x denotes the natural action of G on its tangent bundle 
T[G) obtained by restricting the tangent map of the group multiplication. 

Conversely, (B.l) provides for each lo G C^{Q,a) a unique equivariant p-form uj'^'^ on G 
with uj'^ = to. m 

Lemma B.5. For each ui G G^(0, a) we have d{uj'^'^) = {dgUiy^ . In particular the evaluation 
map 

evi:f]f(G,a)^^^CP(0,a), u ^ coi 

defines an isomorphism from the chain complex of equivariant a -valued differential forms on G 
to the continuous a-valued Lie algebra cohomology. 

Proof. (cf. [CE48, Th. 10.1]) For 5 G G we have 

X;dw''^ = dX*y^ = d{pa{g) o w'^'i) = pa{g) o (du;'=i), 

showing that dui^'^ is also equivariant. 

For a; G we write xi for the corresponding left invariant vector field on G, i.e., xi{g) = 
g.x. It suffices to calculate the value of div'^'^ on (p + 1) -tuples of left invariant vector fields in 
the identity element. 

In view of 

a;^i(a;i,;, . . . , Xp^i){g) = paig).oj{xi, . . .,Xp), 

we obtain 

(a;o,i-w°''(a;i,i, . . .,Xp^i)){l) = xo.uj{xi, . . .,Xp), 

and therefore 

p 

((Lj'"^{xo^I, . . .,Xp^i)^{l) = ^{-iyXij.u;'''^{xo,l, ■ . .,X^l, ■ . . ,Xp,;)(l) 

i=0 

+ '^{-'i-y~^^ Xj,l], Xo,l, . . .,x^i, X^U Xp,l){l) 

i<j 

p 

= "^{-lyXi.Lvixo, ...,Xi,...,Xp) 

i=0 

~\~ ^ 1) ^{[^ij Xj]j ^0) • * • ) ^it • • • 7 Xjj • * • ) ^p) 

i<j 

= {dgu;){xo,...,Xp). 

This proves our assertion. ■ 
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Theorem B.6. The maps 

Dn:eviOTo^„:C^{G,A) ^Cl!iQ,a), n > 1, 

induce a morphism of chain complexes 

D:{C:{G,A),dG)n>i - {C:{Q,a),d,)r,>i 

and in particular homomorphisms 

Dr,:H:{G,A)-.H^{g,a), n>2. 

For A = a these assertions hold for all n e No and if A = o/F^ for a discrete subgroup 
Fa of a, then Di also induces a homomorphism 

Dv Hj{G, A) ^ HliQ, a), [/] ^ 

Proof. In view of Proposition A. 6 and the definition of the group differential da, the 
composition 

To$„:Q(G,^)^C?(G,A) CC2s,,(G,^)^f^"(G,a), n > 1, 

defines a homomorphism of chain complexes. For A — a this relation also holds for n = 0. 

For / G C^{G,A) the function F := $„(/): G"+i ^ ^ is G-equivariant with respect to 
the diagonal action. For 5 e G let 

Mg:G"+i ^ G"+\ {go,...,gn) ^ {g9o,---,99n) 

and write pA{g){a) := g.a for a G A. Then the equivariance of F means that IJ,*F = F o Hg = 
PA{g) o F which implies that 

Pa{9) o t{F) = T{pA{g) o F) = riiilF) = X;t{F). 

This shows that the image of ro$„ consists of equivariant a-valued n -forms on G. According to 
Lemma B.5, evaluating an equivariant n-form in the identity intertwines the de Rham differential 
on QP{G, a) with the Lie algebra differential dg . This implies 

dgoDn = Dn+i o da 

for each n G N, i.e., the Dn define a morphism of chain complexes (truncated to n > 1). For 
A = it also holds for n = . 

li A = a /Fa and n = 1, then Di{Bl{G, A)} = B^(g,a) implies that Di induces a map 
HI{G, A) — > H^{2, a). li A is not of this form, then we cannot conclude that Di maps Bl{G, A) 
into Bl{Q,a). m 

To make Z)„, n > 2, better accessible to calculations, we need a more concrete formula 

for the Lie algebra cochain -D„/ for / G G"(G, A). As / vanishes on all tuples of the form 
(51, . . . , 1, . . . , gn) , its (n — l)-jet in 1 vanishes and the term of order n is the n-linear map 

(rf"/)(l,...,l):0" = Ti(G)"^a 

(cf. Definition A. 3). In fact, in local coordinates the n-th order term of the Taylor expansion of 
/ in (1, . . . , 1) is given by a symmetric n-linear map 

(dW/)(l,...,l):(g")"^a 
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as 

. . . , . . . x = {xu . . . , x„) e 0". 

The normalization condition on / implies that . . . , 1) vanishes on all elements 

(x^, . . . , a;") , a;* = (a;;) e fl", for which the j-th component (in g) vanishes for some j, i.e., 
= for all i . This implies that 

is a sum of n! terms of the form 

((iW/)(l,...,l)((0,...,a;„(i),...,0),(0,...,x,(2),...,0),...,(0,...,x,(„),...,0)), 
since all these terms are equal, we find 

l(dN /)(!,..., l)(a;,...,rr) = (dW /)(!,..., l)((a;i,0,...,0),...,(0,...,0,a;„)) 

= (d"/)(l,...,l)(a:i,...,a;„). 

Lemma B.7. For f G Cg{G,A) and xi, . . . ,Xn & Q we have 

iD„f){xi,...,Xn) = ^ sgn((7)(d" /)(!,..., l)(a;<,(i),...,a;<,(„)). 

Proof. Recall that on an n-tuple . . . , a;n) G fl" the map rf"/ can be calculated by 
choosing smooth vector fields Xn on an open identity neighborhood of G with Xi{l) = Xi via 

. . . , . . . ,ar„) := {di{X,) • • • . . . , 1). 

For F = $«(/) we now get 

{Dnf){xi,...,Xn) =T{F){xi,...,Xn) = ^ sgn((T)((i"J')(l, . . . , 1)(0, a;<,(i), . . . , a;^(„)). 

In view of 

F{l,gi,...,gn) = f{9l,9l^g2,---,9n-l9n) 

and f{9i, 1, ■ ■ •) = , we have 

{d,{X,)F){l,l,g2,...,gn) = {di{X,)f){l,g2,g^'g3,---,g--i9n), 
and inductively we obtain 

(ai(Xi) • • • a„(X„)F)(l, 1, . . . , 1) = . . . dn{Xn)mi, . . . , 1) 

= (rf"/)(l,...,l)(a;i,...,a;„). 

This implies the assertion. ■ 

For n = 1 we obtain {Dif){x) — df(l).x, and for n = 2 we have 

{D2f){x, y) = {d'f){l, l){x, y) - {d'f){l, l)(t/, x). 

If 1) denotes the symmetric n-linear map (fl")" — > representing the n-jet of /, this 

expression equals 

(rfPl/)(i,i)((a;,0)(0,2/))-(rfPl/)(l,l)((y,0),(0,ar)). 
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Appendix C. Split Lie subgroups 

In this appendix we collect some general material on Lie group structures on groups, (normal) Lie 

subgroups and quotient groups. In particular Theorem C.2 provides a tool to construct Lie group 
structures on groups for which a subset containing the identity is an open -neighborhood of a 
locally convex space such that the group operations are locally smooth in these coordinates. We 
also give a condition on a normal subgroup TV < G for the quotient group G/N being a manifold 
such that the quotient map q:G ^ G/N defines on G the structure of a smooth A^-principal 
bundle. 

Lemma C.l. Let G he a group and J- a filter basis of subsets with f]J-' — {1} satisfying: 

(Ul) {yU G J^){3V gJ^)VV C U. 

(U2) (Vf/ e T){3V e T)V-^ c u. 

(U3) (Vt/ G JP-)(Vg G G)(3y G T)gVg-^ C U. 

Then there exists a unique group topology on G such that T is a basis of 1 -neighborhoods in G . 
This topology is given by {U C G: (Vg G U){3V G J^)gV C U}. 

Proof. [Bou88, Ch. Ill, §L2, Prop. 1] ■ 

Theorem C.2. Let G be a group and U = a symmetric subset. We further assume that 

U is a smooth manifold such that 

(LI) there exists an open 1 -neighborhood V C U with V"^ = V • V C U such that the group 
multiplication i^v'V x V ^ U is smooth, 

(L2) the inversion map rjij: U ^ U,ui-^ is smooth, and 

(L3) for each g € G there exists an open 1 -neighborhood Ug C U with Cg{Ug) C U and such that 
the conjugation map 

Cg-.Ug^U, x^gxg~'^ 

is smooth. 

Then there exists a unique structure of a Lie group on G for which there exists an open 
1 -neighborhood U\QU such that the inclusion map Ui ^ G induces a diffeomorphism onto an 
open subset of G . 

Proof. (cf. [Ch46, §14, Prop. 2] or [Ti83, p. 14] for the finite-dimensional case) First we consider 
the filter basis 

J^:= {W CG:W eUuil)} 

of all those subsets of U which are 1 -neighborhoods in U. Then (LI) implies (Ul), (L2) 

implies (U2), and (L3) implies (U3). Moreover, the assumption that U is Hausdorff implies that 
pj.F = {1}. Therefore Lemma C.l implies that G carries a unique structure of a (Hausdorff) 
topological group for which is a. basis of 1 -neighborhoods. 

After shrinking V and U, we may assume that there exists a diffeomorphism ip:U ^ 
fiU) C E, where E is & topological K-vector space, fiU) an open subset, that V satisfies 
V = , CU , and that m:V'^ x V"^ ^ U is smooth. For g gG we consider the maps 

ipg-.gV^E, (pg{x) ^ (p{g~^x) 

which are homeomorphisms of gV onto ip{V) . We claim that {(fig,gV)g^G is an atlas of G. 

Let 31, £^2 G G and put W := giV n g2V . U W 0, then g^^gi G VV''^ = . The 
smoothness of the map 

V' := ^92 ° 'Pg^ 1^81 iW) ■■ ^gi (W) ^ (fig^ (W) 

given by 

V'(a;) = Vg2{v>gr{x)) = ipg^{gi<p-\x)) = ip{g2'^giifi-\x)) 
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follows from the smoothness of the multiplication V'^ x V'^ ^ U . This proves that the charts 
{(fig,gU)g^G form an atlas of G. Moreover, the construction implies that all left translations of 
G are smooth maps. 

The construction also shows that for each g & G the conjugation CgiG^G is smooth in 
a neighborhood of 1 . Since all left translations are smooth, and 

the smoothness of Cg in a neighborhood of x S G follows. Therefore all conjugations and 
hence also all right multiplications arc smooth. The smoothness of the inversion follows from 
its smoothness on V and the fact that left and right multiplications are smooth. Finally the 
smoothness of the multiplication follows from the smoothness in 1 x 1 because of 

fj'G{9ix,g2y) = gixg2y = gig2Cg-^{x)y = gig2t^G{Cg-^{x),y). 

The uniqueness of the Lie group structure is clear because each locally diffeomorphic bijective 
homomorphism between Lie groups is a diffeomorphism. ■ 

Remark C.3. Suppose that the group G in Theorem C.2 is generated by each 1 -neighborhood 

U C U . Then condition (L3) can be omitted. Indeed, the construction of the Lie group structure 
shows that for each g &V the conjugation Cg-.G^G is smooth in a neighborhood of 1 . Since 
the set of all these 5 is a submonoid of G containing V , it contains for each n e N , hence all 
of G because G is generated by V . Therefore all conjugations are smooth, and one can proceed 
as in the proof of Theorem C.2. ■ 

Definition C.4. (a) (Split Lie subgroups) Let G be a Lie group. A subgroup H is called a 
split Lie subgroup if it carries a Lie group structure for which the canonical right action of H on 
G defined by restricting the multiplication map of G to G x — > G defines a smooth principal 
bundle, i.e., the coset space G/H is a smooth manifold and the quotient map tt: G — > G/H has 
smooth local sections. 

(b) If G is a Banach-Lie group and exp: g — > G its exponential function, then a closed subgroup 

H C G is called a Lie subgroup if there exists an open -neighborhood U C g such that 
exp If/: U exp([/) is a diffeomorphism onto an open subset of G and the Lie algebra 

f) := {a; G Q: exp(Ma;) C H} 

of H satisfies 

H r\exp{U) = exp{U ni)). m 

Since the Lie algebra f) of a Lie subgroup H of a Banach Lie group G need not have 
a closed complement in g, not every Lie subgroup is split. A simple example is the subgroup 
H := co(N,K) in G :=£°°(N,C). 

Lemma C.5. If H is a split Lie subgroup of G or a Lie subgroup of the Banach-Lie group G, 
then for any smooth manifold X each smooth map f:X^G with f{X) Q H is also smooth as 
a map X ^ H . If H is a normal split Lie subgroup, then the conjugation action of G on H is 

smooth. 

Proof. The condition that if is a split Lie subgroup implies that there exists an open subset 
U of some locally convex space V and a smooth map a:U ^ G such that the map 

UxH^G, {x,h)^a{x)h 

is a diffeomorphism onto an open subset of G. Let p: a{U)H — > U denote the smooth map given 
by p{a{x)h) = x. li X is a manifold and f:X^G is a smooth map with values in if, then / 
is smooth as a map to a{U)II = U x H , hence smooth as a map X ^ H . 



67 



abelext .tex 



February 18, 2004 



If H is a Lie subgroup of a Banach Lie group and /:X — > G is a smooth map with 
f{X) C H , then we have to see that / is smooth as a map X — > iJ. To verify smoothness in 
a neighborhood of some xq & X , it suffices to consider the map x f{x)f{xo)~^, so that we 
may w.l.o.g. assume that /(xq) = 1. Then we can use the natural chart of in 1 given by the 
exponential function to see that / is smooth in a neighborhood of Xq because any smooth map 
X — » with values in f) is smooth as a map X — > ^ . 

Now suppose that H < G is normal. Then the conjugation map G x H —> G,{g,h) >—>■ 
ghg~^ , is smooth with values in H , hence smooth as a map G x H H . m 

Theorem C.6. Let G he a Lie group and N < G a split normal subgroup. Then the quotient 
group G/N has a natural Lie group structure such that the quotient map q:G ^ G/N defines 
on G the structure of a principal N -bundle. 

Proof. There exists an open subset f/ of a locally convex space V and a smooth map a:U ^ G 
such that the map 

U X N ^ G, {u, n) (j{u)n 

is a diffeomorphism onto an open subset W = a{U)N of G. As is in particular closed, the 
quotient group G/N has a natural (Hausdorff) group topology. 

Let q:G —>^ G/N denote the quotient map. Then q{W) — q o a{U) is an open subset of 
G/N and q{W) ^ W/N ^ {U x N)/N ^ U. Therefore the map ip ■.= qoa:U ^ q{W) is a 
homeomorphism . 

Let K = K^^ C q{W) be a symmetric open subset, and Uk '■= 'P~^{K), and endow K 
with the manifold structure obtained from the homeomorphism ip: Uk K . 

(LI): Let F C be an open 1 -neighborhood with V'^ C K . We identify V with the 
corresponding open subset Uy C U . Then the group multiplication nv-V x V ^ K is given by 

<p{x)(piy) = a{x)N ■ a{y)N = a{x)a{y)N = >p{>fi-'^{a{x)a{y)N)), 

and since the map p:W ^ U, a{u)n ^ u is smooth, the map 

{x,y) H^. (p-'^{a{x)a{y)N) = p{a{x)a{y)) 

is smooth. 

(L2): We likewise see that the inversion map K ^ K corresponds to the smooth map 

X ^ ^-^{if{x)-^) = Lp-^{a{x)-^N) =p{a(x)-^). 

(L3): For each g G G we find an open 1 -neighborhood Kg C K with Cg{Kg) C K . Then 
the conjugation map 

Cgi Kg K, xi-> gxg~^ 

is written in (^-coordinates as 

>p{x) ^ ip{ip~^{ga{x)g~^N)) = ip{p{ga{x)g~^)) 

and therefore smooth. 

Now Theorem C.2 applies and shows that there exists a unique structure of a Lie group 
on G/N for which there exists an open -neighborhood in U such that the map ip:U ^ G/N 
induces a diffeomorphism onto an open subset of G/N . m 
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Appendix D. The exact Inflation- Restriction Sequence 

In this section G denotes a Lie group, N < G a split normal Lie subgroup (cf. Defini- 
tion C.4) and A a smooth G-module. We write q:G ^ G/N for the quotient map. 

Definition D.l. (a) (Inflation and restriction) Restriction of cochains leads for each p e Nq 
to a map 

R:GP{G,A)^CPiN,A), 

and since Ro da = (In o R, it follows that R{Bp{G, A)) C Sp(7V, A) , R{Zp{G, A)) C Zp{N, A) , 
so that R induces a homomorphism 

R:Hf{G,A)^HPiN,A). 

(b) Since A'' is a normal subgroup of G , the subgroup 

A'^ := {a e A: (Vn £ N) n.a = a} 

is a G-submodule of A. If A^ is a split Lie subgroup of A, it inherits a natural structure of a 
smooth G/N-module (Lemma C.2) but we do not want to make this restrictive assumption. We 

therefore define the chain complex {C*{G/N,A^),dQ/]y) as the complex whose cochain space 
CP{G/N,A^) consists of those hmctions /: {G/N)p A^ for which the pull-back 

q*f-- GP ^ A^, {q*f){gu ...,9p):= f{q{9i), ■ • ■ , q{9p)) 

is an clement of Cp{G,A). With this definition we do not need a Lie group structure on the 
subgroup A^ of A. For a cochain / e Cp{G/N,A^) we define 

I:=q*:CP{G/N,A^)-^CP{G,A). 

Then {G*{G/N,A^),dQ/]y) becomes a chain complex with the group differential from 
Lemma B.3. Moreover, q* o da/N = da o q* , so that q* (BP(G/N, A^)) C BP{G,A), and 
q*{ZP{G/N,A^)) C ZP{G,A), showing that q* induces the so called inflation map 

I:HP{G/N,A'')^HP{G,A), [/] ^ [?*/]• ■ 

The restriction and inflation maps 

CP {G/N, A^ ) -^CP {G,A)^CPiN,A) 
clearly satisfy Ro I = , which is inherited by the corresponding maps 

HliG/N, A^)-!-^HP{G, A)-^HP{N, A). 

Lemma D.2. The restriction maps R:Cp{G,A) Cp{N,A) are surjective. 

Proof. Since A is a split Lie subgroup of G, there exists an open -neighborhood J7 in a 
locally convex space V and a smooth map ip:U ^ G with (p{0) = 1 such that the map 

$:iVxC/-^G, {n,x) nip{x) 

is a diffeomorphism onto an open subset N(p{U) of G. 

Let / e CP{N, A) . We extend / to a function /: {N(p{U))P ^ A by 

f{{ni(p{xi), np(p{Xp)) := /(jzi, . . . , rip). 

Then clearly / is smooth in an identity neighborhood and vanishes if one argument njip{xi) is 
1 , because this implies Xj = and rn = 1. Now we extend^/_to a function on Gp vanishing in 
all tuples {gi, . . . ,1, . . . , gp) . Then / G Cp{G,A) satisfies i?(/) = /. ■ 
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Although the the inflation map / is injective on cochains and R is surjcjc-tive on cochains, 
in general there are many cochains with trivial restrictions on N which are not in the image of 
the inflation map. Therefore we do not have a short exact sequence of chain complexes, hence 
cannot expect a long exact sequence in cohomology. In this appendix wc discuss what wc still can 
say on the corresponding maps in low degree. It would be interesting to see if these results can 
also be obtained from a generalization of the Hochschild-Serre spectral sequence for Lie groups. 
As we shall see below, it is clear that the construction in [HS53a] has to be modified substantially 
for the locally smooth infinite-dimensional setting. 

Lemma D.3. (a) Each cohomology class in Hf{G,A) annihilated by R can be represented by 
a cocycle in ker R . 

(b) We have Bp{N,A) C im(i?) and therefore [/] G im(ii) is equivalent to f & im(i?). 

Proof. (a) We may w.l.o.g. assume that p > 1. If R[f] = 0, then R{f) = dNOi for 
some a G Cp-'^{N,A). Let a G Cp-'^{G..A) be an extension of a to G (Lemma D.2). Then 

/' := f — dact restricts to R{f) — d^a = and [/'] = [/] . 

(b) For a G Cp-^{G,A) we have Ridca) = dNR{a), so that Cp-'^{N,A) C im(^) implies that 
R{Bl{G,A)) = Bl{N,A). 

For / G ZP{N,A) it follows that [/] G im(i?) is equivalent to the existence of a G 
BP-'^{N, A) with / - dNa G im(E) , which implies that / G im.{R) . m 

Lemma D.4. The coboundary operator dN is equivariant with respect to the action of G on 

CP{N,A), p G No, given by 

{9-f){ni, . . . , rip) := g.f{g~^nig~^, . . .,g-^npg). 

In particular, this action leaves the space of cochains invariant and induces actions on the 
cohomology groups Hf(N,A). m 

The preceding lemma applies in particular to the case N = G, showing that the coboundary 
operator do is equivariant for the natural action of G on the spaces Gp{G, A) . 

Definition D.5. In the following we need a refined concept of invariance of cohomology classes 
in HP{N,A) under the action of the group G. We call / G Zp{N,A) smoothly cohomologically 

invariant if there exists a map 

0:G-* CP-\N,A) with dN{0{g)) = g.f - f for all g€G 
for which the map 

G X NP ^ A, (c/,ni,. .. ,np_i) e{g){ni, . . . ,np_i) 

is smooth in an identity neighborhood of G x NP~'^ . 

We write ZP{N,A)^'^^ for the set of smoothly cohomologically invariant cocycles in the 
group ZP{N, A) . If / = djv/i for some h G Cf"^ (A^, A) , then we may put 9{g) := g.h-h to find 

dN{0{g)) = d^ig-h -h)= g.dN{h) - d^ih) = g.f - f, 

and the map 

G X NP-^ A, 

{g,ni, . . .,np_i) ^ [g.h - h){ni, . . . ,np_i) = g.h{g^^nig, . . ■,g^^np_ig) - h(ni, . . . ,np_i) 

is smooth in an identity neighborhood. This shows that Bp{N,A) C Zp{N,A)^'^^ , and we define 
the space of smoothly invariant cohomology classes by 

HP{N,A)^^^ := ZP{N,A)^^^/BP{N,A). m 

For a generalization of the following fact to general p for discrete groups and modules we 
refer to [HS53a]. 
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Proposition D.6. Let N < G he a split normal Lie subgroup and p G {0,1,2}. Then the 
restriction map R maps HP{G,A) into Hf {N , A)^*^^ . In particular 

{DA) Hf{G,A)=Hf{G,A)^''^ for p = 0,1,2. 

Proof. In view of the G-equi variance of the restriction map Cp{G, A) C^{N, A) , it suffices 
to prove the assertion in the case N = G. 

For p = wc have C'^{G,A) = A, and Z"^{G,A) = H^{G,A) = A^ is the submodule of 
G-invariants. Clearly G acts trivially on this space, so that there is nothing to prove. 

For p = 1 and a cocycle f G (G, A) we have for g,x € G: 

{g-f - fKx) = gJig-'xg) - fix) = 9.(9-'. f{xg) + f{g'')) - fix) = f{xg) + g.f{g-') - f{x) 
= x.f{g) + fix) - f{g) - fix) = dGifig))ix). 

This shows that 

(^•2) g.f-f = daifig)), 

so that / G ZgiG, A)^^^ follows from the local smoothness of /. 
For p = 2 and / G Z^iG, A) we have 

ig.f-f)ix,x') 
= g-f{g~^xg, g^^x'g) - fix, x') 

= -f{g, g'^xx'g) + fig, g~'^xg) + fixg, g~'^x'g) - fix, x') 

= -f{g, g'^xx'g) + fig, g~'^xg) - fix, g) + x.fig, g~'^x'g) + fix, x'g) - fix, x') 

= -f{g, g'^xx'g) + fig, g~'^xg) - fix, g) + x.fig, g~'^x'g) - x.fix', g) + fixx', g) 

and the function 

eig): G^A, eig)ix) := fig, g-^xg) - fix, g) 

satisfies 

idG6{g))ix,x')=x.eig)ix')+eig)ix)-eig)ixx') 

= x.fig, g~'^x'g) - x.fix', g) + fig, g~'^xg) - fix, g) - fig, g~'^xx'g) + fixx', g) 
= ig.f-f)ix,x'). 

Since the function G^ — > A, ig,x) ^ 9ig)ix) is smooth in an identity neighborhood of G^, the 
assertion follows for p = 2 . ■ 

Lemma D.7. For each f G ZliN,A)^^'^ there exists a G CliG,A) with 

dNiaig)) = g.f - f, aign) = aig) + g.fin), g €G,n€N. 

Then doa G B^iG, A) is A^ -valued and constant on {N x jV) -cosets, hence factors to a cocycle 
dca G Z^iG/N,A^) . The cohomology class [daa] does not depend on the choice of f in [/] 
and the function a, and we thus obtain a group homomorphism 

S: Hi iN, H^iG/N, A""), [/] ^ [d^]. 

Proof. Since N is a, split Lie subgroup, there exists an open -neighborhood of some locally 
convex space V and a smooth map ip:U ^ G with y>(0) = 1 such that the multiplication map 



N X U ^ G,ix,n) 1-^ ipix)n 
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is a diffcomorphism onto an open subset of G . Let C G be a set of representatives of the 
iV-cosets containing if{U) , so that the muhiphcation map E x N G is bijective. 

The requirement / e Zl{N,A)^^^ implies the existence of a function a € Gl{G,A) with 
dN{oi{g)) = g.f — f . We now define 

a:G = EN—>^A, x ■ n l-^ a{x) + x.f{n). 

Then a is smooth on an identity neighborhood because E contains ip{U) . Since / is a 1-cocycle, 
we have for a; e .B and n,n' € N the relation 

a{xnn') = a{x) + x.f{nn') = a{x) + x.f{n) + {xn).f{n') = a{xn) + {xn).f{n'), 

which means that 

a{gn) = a{g) + g.f{n), g eG,nGN. 
In view of (D.2), we have for n € N the relation n.f — f = rf]v(/(n)) , so that 

{xn).f - / = x.{n.f - f) + x.f - / = x.dN{f{n)) + dN{a(x)) = dN{x.f{n) + a{x)) = dN{a{xn)), 

and hence dN{a{g)) — g-f — f for all g £ G. 

That the values of the function doa lie in follows from 

dN{a{gig2)) = (gm)-/ - / = gi-{g2-f - /) + gi-f - f 

= gi.dN{a{g2)) + dN{a{gi)) = (i at (31.0(32) + 0(51)) 

in Gl{N, A) . The coboundary dca is a cocycle, hence an element of Z^iG, A^) . We show that 
dca is constant on the cosets of A''. We have 

{dGa){gi,g2n) = gi.a{g2n) + a{gi) - a{gig2n) 

= 5i-a(ff2) + gig2-f{n) + a{gi) - 0(3132) - 3iff2-/(n) = (dGa)(3i, 32) 

and 

{dGa){gin,g2) = 31^.0(32) + 0(31?^) - a{ging2) 

3i"-a(.92) + a(3i) + gi-.f{n) - a{gig2{g2^ng2)) 
= 31^.0(32) + a(3i) + 31. /(n) - 0(3132) - igig2)-.f{g2^ng2) 
= gin.a{g2) + a{gi) + 31. /(n) - 0(3132) - 3i-((52-/)(")) 

= {dGa){gi,g2) + gi-{na{g2) - ^(32)) + gi-f{n) - gi.f{n) - 31.(72.0(32) - 0(32)) 
= {dGa){gi,g2) 

We now define 

d^: G/N X G/N A^ , {xN, yN) ^ (dGo)(x, y). 

Since dca is a cocycle on G, the function dco is an element of Z'^{G/N,A^). It remains to 
show that the cohomology class of dGO, in Hg{G/N,A^) does not depend on the choices of a 
and / . If o' e Cg {G, A) is another function with 

dN{a'{g))=g.f- f, a'{gn) = a'{g)+g.f{n), gGG,neN, 

then dN{a'{g) — 0(3)) = implies that 

(3{g) := o'(3) - 0(3) € A^ , g& G. 

Moreover, 

P{gn) = a'{gn) - a{gn) = a'{g) + g.f{n) - a{g) - g.f{n) = a'{g) - a{g) = (5{g), 
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so that (3 factors through a function 7: G/N — > , and we have 

idG/Nl)ixN,yN) = x.piy) - p{xy) + p{x) = {dGp){x,y) = (dca - dGa'){x,y). 

Moreover, the fact that the quotient map G ^ G/N defines on G the structure of a smooth iV- 
principal bundle implies that 7 is smooth in an identity neighborhood of G/N . Hence the cocycle 
dad' is an element of Zl{G/N,A^) and satisfies dca' = dca — dc/Nl, so that [dca] = [dca'] ■ 
Now suppose that /' G Zl{N, A) satisfies f = f + d^c for some c & A. In view of the 
G-equivariance of the differential djv, we have 

9-{dNc) - d]yc = dNig-c- c) and {dGC){gn) = {dGc){g) + g.{{dGc){n)), 

so that the function a' := a + dec satisfies 

dN{a'{g)) = dN{a{g)+g.c-c) = g.f - f + g.dN{c)-dN{c) =g.f'-f', a'{gn) = a'{g)+g.f'{n). 

As dGC is a cocycle, we have dGd' = dGd, so that we obtain in particular the same cocycles on 
G/N. m 

With the preceding lemma, we can prove the exactness of the Inflation-Restriction Se- 
quence: 

Proposition D.8. Let A be a smooth G -module and N < G a split normal Lie subgroup. 

Then we have the following exact Inflation- Restriction Sequence: 

^ Hl{G/N,A'')^Hl{G,A)^Hl{N,A)^''^^H^^{G/N,A'')^H'^{G,A). 

Proof. (see [We95, 6.8.3] or [MacL63, pp. 347-354] for the case of abstract groups) 
Exactness in Hl{G/N,A'^): Let a G Zl{G/N,A'^). We have [q*a] = if and only if there 
exists an a € ^ with a{gN) — g.a — a for all g € G . That this function is constant on A^-left 
cosets implies that a S A^ , and hence that a = dG/N^ & Bl{G/N, A^) . Therefore the inflation 
map / is injective on Hg{G/N,A^) . 

Exactness in Hl{G,A): That the restriction map R maps into smoothly G-invariant 
cohomology classes follows from Proposition D.6 and the G-equivariance of R. The relation 

Ro I = is clear. 

To see that keri? C imJ, let / G Zl{G,A) vanishing on N (Lemma D.3). Then / is 
constant on the A'' -cosets because 

f{gn)=f{9)+9.f{n) = f{g), geG,n€N. 

Moreover, 

n-fig) = f{ng) - f{n) = f{ng) = f{gg~^ng) = f{g) 

implies that im(/) C A^ . Hence [/] is contained in the image of the inflation map /. 

Exactness in Hl{N, : If / e Zl{N, A) is the restriction of a 1 -cocycle a e Zj(G, A) , 
then (D.2) implies 

{g.f - f){n) = {dN{a{gmn), 

so that we may take a as the function a in the definition of 6. Then dca = dca = because 
a is a cocycle, and hence S{[f]) =0. 

If, conversely, 5{[f]) = 0, then there exists b G Gl{G/N. A^) with dca = dG/Nb, where 
dGa{xN,yN) = {dGa){x,y) is defined as in Lemma D.7. Then the function a' := a — {b o q) 
satisfies 

a'{gn)=a'{g)+g.f{n), dN{a'ig)) = g.f - f, geG,nGN, 

and, in addition. 



dGa' = dGa - dG{q*b) = dGa - q*{dG/Nb) = q*{dGa - dc/Nb) = 0. 
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This means that a' € Zl{G, A) , so that a' |jv = a |jv = / implies that [/] is in the image of the 
restriction map R. 

Exactness in H^{G/N, A^) : If / € Zl{N, A) has a smoothly invariant cohomology class 
and [dca] = 5{[f]) as in Lemma D.7, then the image of [dao] in Zg{G,A) under I is given by 
dGa, = (fdca, hence a coboundary. 

Suppose, conversely, that for a e Zl{G/N, A'^) the cocycle g* a on G is a coboundary and 
fi G Gl{G,A) satisfies q*a = dcP. Then dcP vanishes on A'', so that f := (3\n is a cocycle. 
We have 

a{xN, yN) = x.p{y) - /3{xy) + x,y eG. 

For y € N we obtain from a{xN, N) = a{N, xN) = {0} the relation 

p{gn) = (3{g) + g./3{n) and p{ng) = l3{n) + n.l3{g). 

For g gG and n G N we therefore have 

{g-f - f ){n) = g.Pig-'ng) - Pin) = (3{ng) - p{g) - /3(n) 

= /3(n) + n./3(g) - (i{g) - p(n) = n.pig) - Pig) = dN{P{g)){n). 

This means that [/] is smoothly G -invariant and that <5([/]) = [«]• ■ 

Example D.9. The following example shows that the exact Inflation-Restriction sequence 
cannot be continued in an exact fashion by the restriction map R: H^{G, A) —* H^(N, A^^^ . 

For that we consider the group G := R^, N := 1? , G/iV = and the trivial module 
A = T = ^jlL. Then 

Hl{GIN,A^) = ij2(T2,T) = {0}, Hl{G,A) ^ hI{9} ,T) = hI{R^ ,M.) = R, 

and H'^siN, ^)['^' = H"^ {Z^ ,T) ^ T . Now the assertion follows from the fact that the natural map 
(R2,T) ^ R ^ H'^{I?,^) ^ T is not injective. It corresponds to restring an alternating 
T-valued bilinear form to the lattice I? . If the form is integral on this lattice, the corresponding 
extension of 1? is abelian, hence trivial. ■ 

Remark D.IO. If ^ is a trivial G-module, then the connecting map has a simpler description. 
Then we have Hi {N, A) = Hom(A'', A) = Zl {N, A) , and the condition that a homomorphism 
f:N^A is invariant under G means that it vanishes on the normal subgroup [G, N] of N . 
The only condition on the function a: G — > A that we need to describe S is 

aign) = aig) + fin), g€G,nGN. 

Then the function {dGa){x, y) = a{y) — a{xy) + a{x) is constant on [N x N)-coseis and defines 
a 2-cocycle in Z'l{G/N,A). ■ 

Example D.ll. (a) If G is a Lie group, then its identity component Go is a split normal 
subgroup and the quotient group 7ro(G) is discrete. Therefore the Infiation- Restriction Sequence 
yields an exact sequence 

^ 1 (tto (G) , A«o ) (G, A) (Go , A) [<=] -J-^H^ (^^ ^g),A'''>)^hI{G,A). 

(b) Assume that A = a/F/i for a discrete subgroup Va of the sequentially complete locally 
convex space a. If G is a connected Lie group, qc'-G G its universal covering and ni{G) 
its kernel, then 7ri(G) is discrete, hence a split Lie subgroup, and we obtain for any smooth 
G-module A the exact sequence 

^ Hj{G,A)^Hl{G,A)^Hl{ni{G),A)^''^^H^,{G,A)^H^,{G,A). 
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As TTi (G) acts trivially on A and tti (G) is central in G, we have 

Hl{7ri{G),A) = Hom(7ri(G),^), Hl{ni{G), A)^'^^ = Hl{7ri{G),Af = Hom(7ri(G), ^«). 

In view of Corollary VII. 3, we may identify H^{G, A) with the subgroup ker Pi of H^{g, a) . On 
this subgroup the map [ui] i— > given by the flux homomorphism defines a homomorphism 

P2:H^{G,A) ^ Hom(7ri(G),ifi(0,a)) ^ Rom{ni{G), HI{G, A)) 

whose kernel coincides with the image of / (Theorem VII. 2). In Remark VI. 8 we have seen that 
the image of [to] e H^{G,A) C H^{Q,a) in H^{Tri{G), A) is given by the commutator map of 
the corresponding central extension 

where P is defined in Proposition III. 4. Prom Example D.9 we know that the vanishing of C 
does not imply the vanishing of F„ . 

Another interesting aspect of this observation is that, according to a result of H. Hopf, 
there is an exact sequence 

^ H\ni{G),A) ^ Hl^^{G,A) ^ liom{H2{G), A) ^ Hom(7r2(G), A) ^ 

(cf. [ML78, p.5]). If G is smoothly paracompact, then de Rham's Theorem holds ([KM97]) and 
the closed 2 -form cj*"^ defines a singular cohomology class in H^-^^^{G, a) = Hom(i72(Af), a) and 
after composition with the map qA-a ^ A a singular cohomology class c^^ G H^^^^{G, A) . The 
inclusion 11^^ C Ta means that this class vanishes on the spherical cycles, i.e., the image of 
TT2{G) in H2(G) . Hence it determines a central extension of tti{G) by A which is given by the 
commutator map C:7ri(G)^ A. If this map vanishes, then = 0, but Example D.9 shows 
that this does not imply the existence of a corresponding global group cocycle. If G is simply 
connected, then vanishes if and only if iv integrates to a group cocycle, but in general this 
simple criterion fails. ■ 

Remark D.12. Let /jv € Zl{N,A)^^^ and / e Cl{G,A) with 

f{9n) = f{g) + g.fN{n), dN{f{g)) = g.fN - fN, g&G,neN. 

Then 5{fN) = [rfcj] G Zl{G/N,A'^) defines an abolian extension of G/N by A^. We now 
describe this abelian extension directly in terms of Jn ■ Here we assume that A'^ is a Lie group 
and that any smooth map X ^ A with values in A^ defines a smooth map X —> A^ (cf. 
Appendix C). 

Using the smooth action of G on A , we can form the semi-direct product Lie group AxiG. 
Then we consider the map 

a-.G^AxG, g^{f{g),g). 

In view of / | at = /jv S Zl{N,A), the restriction cr | jv is a homomorphism. Moreover, for 
g,g' £ G we have 

crigMg') = ifig) + g.f{g'),gg') and a{gg') = {f{gg'),gg'), 
which implies that 

SA9,9') ■■= <T{g)a{g')a{gg')-' = {{dGf){g,g'),l) e x {1}. 

Therefore the induced map a:G ^ (A/A^) >^ G is a group homomorphism, and the pull-back 
of the abelian extension 

A^ ^ AyoG^ {A/A-''') x G 

is isomorphic to the abelian extension G := A^ ^daS G defined by daf G Zl{G, A^) . Since 
/ vanishes on N x G and G x N, the subset {0} x A'' is a normal subgroup of G, and 
G/N'^A^x-^G/N. ■ 
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Appendix E. A long exact sequence for Lie group cohomology 

Let G be a Lie group and 

be an extension of abelian Lie groups which are smooth G-modules such that qi and q2 are 
G-equivariant. We assume that there exists a smooth section a: — > A2 of q2 ■ Then the map 

Ai X A3 ^ A2, (a, 6) a + (7(6) 
is a diffeomorphism (not necessarily a group homomorphism) . This assumption imphes that the 
natural maps 

CP{G,A,) ^ CP{G,A2) -> GHG, A3) 

define a short exact sequence of chain complexes, hence induce a long exact sequence in coho- 
mology 

^ 7J0(G, A,) ^ i/0(G, A,) ^ i/0(G, A3) ^ HUG, A,) ^ . . . 
. . . Hf-'(G,A3)^HfiG,A,) ^ (G, A2) ^ H^iG, A3)^Hr\G, A,) ^ . . . 
The connecting map S:HP{G,A3) HP+^{G,Ai) is constructed as follows. For / e Zp{G,A3) 
wo first find /i £ Cf{G, A2) with / = 92 ° /i • Then = daf = 52 ° c?g/i implies that dcfi is 
-valued, hence an element of ZP~^^{G,Ai), and then S{[f]) = [dcfi]- 

For p = we have H^{G, A) = A'^ , so that the exact sequence starts with 
Af^A^^Af^ HliG, A^) ^ HliG, A2) ^ . . . . 

Remark E.l. A particularly interesting case arises if ^4 is a smooth G-module, A^ its identity 
component and no{A) := A/Aq. Then no{A) is discrete. Let us assume, in addition, that G 
is connected. Then G acts trivially on the discrete group 7ro(A). We therefore have an exact 
sequence 

AG^A'^^ 7To{A)-^Hl{G,Ao) ^ HliG, A) ^ Hl{G,MA)) - 0, 
where we use Zl{G,Tro{A)) C C°°{G,no{A)) = (Lemma III.l) to sec that Hl{G,no{A)) is 
trivial. Note that 6 a is the characteristic homomorphism of the smooth G-module A, considered 
as a map into Hl{G, Aa) which we may consider as a subspace of HI{q, a) (Definition in.6). It 
follows in particular that the natural map Hl(G, Aq) Hl{G, A) is surjective. 
Moreover, we obtain an exact sequence 

^ H^AG,Ao) - Hl{G,A) ^ H^,{G,MA))^Hl{G,Ao) ^ . . . 

Since G is connected and 7ro(A) is a trivial module, the group H'^{G, tto{A)) classifies the central 
extensions of G by Tro{A) , which is parametrized by the abelian group Hom(7ri(G), 7ro(A)) 
(Theorem Vn.2). This leads to an exact sequence 

(EA) ^ H^{G,Ao) ^ H^{G,A)^Rom{n,{G),MA)) - H\G,Aa), 

where 7 assigns to an extension of G by A the corresponding connecting homomorphism 
7ri(G) — > 7ro(A) in the long exact homotopy sequence. With the results of Section VII we 
have determined H^{G, Aq) in terms of the topology of G and the Lie algebra cohomology space 
H'^ig, a) . To determine H'^{G, A) in terms of H^iG, Aq) and known data, one has to determine 
the image of H^{G,A) in IIom(7ri(G), 7ro(A)) . Recall that Proposition VI. 4 shows that 

FDf=-eAOj{[f]) 

holds for each / e Z^{G, A) . 

If A is a trivial G-module, then the divisibility of Aq implies that A = AoX Tro{A) as Lie 
groups, and we thus obtain 

H^{G,A) ^ Hl{G,Ao) X Hl{G,MA)) = H^{G,Ao) x Hom(7ri(G), 7ro(A)). 

For the universal covering qc'-G ^ G we thus obtain an isomorphism 

H^iG,Ao)^H^{G,A) 

because tti (G) is trivial. ■ 
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Appendix F. Multiplication in Lie algebra and Lie group cohomology 

In this appendix we collect some information concerning multiplication of Lie algebra and 
Lie group cocycles which is used in Section IX. 



Multiplication of Lie algebra cochains 

Let U, V, W be topological modules of the topological Lie algebra g and m:U x V — > 
W,{u,v) u ■ V a 0-equivariant continuous bilinear map. Then we define a product 

CP{g, U) X V) ^ W), (a, /3) ^ a A /? 

by 

{ah(5){xi,...,Xp+q) := -p7 X] sgn((7)a(a;<,(i), . . . ,a;^(p))/3(x^(p+i), . . . , j;^(p+<,)). 

For p = q = 1 we have in particular 

(a A (3){x, y) = a{x) ■ /?(?/) - a{y) ■ /3{x). 
In the following we write for a p-linear map a: g*" — > V : 

Alt(a)(a;i,...,a;p) := ^ sgn(cT)a(a;<,(i), . . . ,a;^(p)). 

In this sense we have 

a A/3 = — Altfa • /3), 
p\q\ 

where 

(a • P){xi,. . .,Xp+q) := a{xi, ...,Xp)- l3{xp+i, . . .,Xp+q). 
Lemma F.l. For a G Cp{q, U) and (3 € C^{q, V) we have 
(F.l) dg{aAP)=dgaAl3+{-l)PaAdgl3. 

Proof. First we verify that for a; G the insertion map ix satisfies 
(F.2) ix {aA(3)=ixaAp+ (-If a A i^p. 

For p = or g = this formula is a trivial consequence of the definitions. We may therefore 
assume p,q> 1 . We calculate for xi,. . . , Xp+q G q : 

ixi{<^^P){X2,---,Xp+q) = {aAP){Xi,X2,...,Xp+q) 

X! ^S^i(^)0l{Xa-i{l),---,X„-i(^p))(3{x„-i^p+i),...,X„-i(^p+q)) 

CrGSpJj-q 



p¥ ""^pla! ■■■■ 

cr(l)<p cr(l)>p 
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For cr(l) < p we get 

Oi{x„-i{i), . . .,Xa--^(p)) = (-l)'^^^^+^Q!(xi,a;<^-i(i), . . . . . . ,a;<^-i(p)) 

which leads to 

— y ••• 



n X! X! sgn(CT)(-l)'+^(i^iQ!)(a;<,-i(i), . . . , a;i, . . . , a;<,-i(p))/3(a;<,-i(p+i), . . . , a;<,-i(p+g)) 

i=l <T(l)=i 

1 P 1 

— ^ Alt(ixiQ! • /3)(a;2, • • .,Xp+g) = — — — Alt(i^,a • /3)(a;2, . . .,Xp+g) 



= (ixiO; A/3)(a;2,...,a;p+q). 
We likewise obtain 

-L ^ ... = (-l)f(aA(i,,/3))(a;2,...,Xp+,). 

a{l)>p 

This proves (F.2). 

We now prove (F.l) by induction on p and q. For p = we have 

{aA(3){xi,...,Xq) = a-P{xi,...,Xg) 

and 

Q 

dg{a A /?)(a;o, . . . , a;,) = ^{-iyxi.{a ■ P){xq, . . . ,Xi, . . . ,Xq) 

i=0 



i=0 

and 



+ ^ ^ ( 1) ''^•'q! • Xj], . . . , Xi, . . . , Xj , . . . , Xq) 

i<j 

) + a-(rf/3)(a;o,...,a;q) 

i=0 

(dgQ!A/J)(a;o,...,a;q) = ^ ^ sgn(£7)(rfaa)(a;^(o)) ■ . . . , a;<,(,)) 

1 ' 

= H sgn((T)(a;i.Q!) ■/3(a;<,(i),...,a;<,(g)) 

^' i=0 <7(0)=i 

— ^(-l)'(a;i.Q!) • Alt(/3)(a;o, . . . , f;, . . . , a;^) 



^ i=0 

= ^(-l)'(a;i.a) ■ (}{xo, ...,Xi,..., Xq). 

i=0 

This proves (F.l) for p = 0. A similar argument works for 5 = 0. We now assume that p,q>l 
and that (F.l) hold for the pairs (p — l,q) and (p, g — 1). Then we obtain with the Cartan 
formulas and (F.2) for .x e g: 

ix{dga Af3+ {-Ifa A dgf3) 

= {ixdga) A (3 + (-ly^^dga A ix(3 + (-lyixa A + a A ixdgj3 

= x.a A P - dg{ixa) A (3 + {-l)P^^dga A ixP + {-lyixa A dg(3 + a A x.p - a A dg{ixP) 
= x.{a A 13)- dg{ixa A (3) + {-l f+'^dg{a A ixl3) 
= x.{aA(3) - dg{ix(a A (3)) = i^{dg{a A 13)). 

Since x was arbitrary, this proves (F.l). ■ 
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The preceding lemma implies that products of two cocycles are cocyclcs and that the 
product of a cocycle with a coboundary is a coboundary, so that we obtain bilinear maps 

HP{s, U) X Hl{Q, V) ^ £rr«(0, W), ([a], [/?]) ^ [a A /?] 

which can be combined to a product 



Multiplication of group cochains 

Now let U, V, W be smooth modules of the Lie group G and m: U x V W, {u, v) ^ u-v 
a G-equivariant biadditive continuous map. Then we define a product 

C^G, U) X V) ^ W), (a, /3) ^ a U /?, 

where 

(a U /3)(s'i, . . . , c/p+g) := a{gi, ■ ■ ■ ,gp) ■ {gi ■ ■ ■ gp).0{gp+i, gp+g) 

(cf. [Bro82, p. 110] up to the different signs which are caused by different signs for the group 

differential) . 

Lemma F.2. For a G 0^(0, U) and [3 £ CjiG, V) we have 

dcia UP) = daa U /3 + {-Ifa U da^- 

Proof. For go, ... , gp+q G G we have 
dG{aUp){go,...,gp+q) 

p+q 

= go.{a U(3){gi,.. .,gp+q) + U P){go, ■ ■ • ,5i-i5i> • • ■,9p+q) 

+ (_l)P+«+i(aU/3)(,go,...,<?p+,-i) 
= {go-a{9i, ■■■,9p))- {go ■ ■■gp).f3{gp+i, . . .,gp+q) 
p 

+ ^{-'^yotigo, gi-igu ■■■,gp)-9o--- gp-P{gp+i, • • • , gp+q) 

P+q 

+ X! i-'^y'^i9o^---^gp-i)-go---gp-i-0{gp,---,gi-igi,---,gp+q) 

i=p+l 

+ {-lf+'^+^a{gQ, . . .,gp-i) ■ {go ■ ■ ■ gp-i)-P{gp, ■ ..,gp+q-i) 
= {dGa){go,...,gp) ■ {go ■ ■ ■ 9p)-P{9p+i, ■ ■ ■ ,9p+q) 
+ (-ifalflo, • • • ,5p-i) ■ {go ■ ■■gp).p{gp+i, . . .,gp+q) 
+ a{go,...,gp-i)- 

p+q 

go--- 5p-i. ^ {-iyf3{gp, g^-lgi, gp+q) + (-l)P+«+^/3(3p, . . . , gp+q-i] 

s=p+l 

= {daa Up){go,..., gp+q) + {-l)P{aLI dG0){go, ■ ■ ■ ,gp+q). 



Lemma F.2 implies that products of two cocycles are cocycles and that the product of a 
cocycle with a coboundary is a coboundary, so that we obtain biadditive maps 

Hf{G, U) X Ff(G, V) i?P+«(G, VK), ([a], [/?]) [a U /3]. 

The following lemma shows that for Lie groups the multiplication of group and Lie algebra 
cochains is compatible with the differentiation map D . 
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Lemma F.3. // G is a Lie group, U , V and W are smooth m,odules and, l3:U x V ^ W is 
continuous bilinear and equivariant, then we have for a G Cp{G, U) and (3 G C^(G, V) we have 

D{a uP) = DaADl3 

in CP+i{g,W). 

Proof. In view of Da = Alt(rf^a(l, . . . , 1)), we get 

Da A = 4-r AldDa = J- AltfAltfrff a(l, ...,!))• AltW«/3(l, . . . , 1))) 
plql p'.q] 

= Alt((iPa(l,...,l)-d«/3(l,...,l)), 

so that it remains to see that 

dF+'^ia U /?)(!, . . . , 1) = {dPa){l, ...,!)• (d«/3)(l, . . . , 1), 

but this follows immediately from the normalization of the cocycles and the chain rule for jets, 
applied to the multiplication map P . ■ 
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